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Abstract

Wear is studied from applied mechanics aspects only.
It is postulated that both sliding and rolling pairs wear 
by the propagation of cracks a short distance beneath the 
surface, causing the loss of surface layers in the form of 
thin sheets. This has been called 1delamination1. Fracture 
mechanics has been assumed to be valid under contact load 
conditions, and the stress intensification factors for 
mode II iand where appropriate, mode I) growth are determined. 
Using a development of the work of others on the use of 
crack tip plastic zones to find propagation rates, the growth 
rate of wear cracks is predicted to be consistent with wear 
rates observed: much more v/ork is needed before a true 
positive correlation can be established. It is pointed out i

that wear cracks grow in what is apparently a vacuum, and
that, even under the exactly antisymmetrieal shear stressi

!distribution of rolling contact, they do not experience 
equal and opposite periods of mode II growth. Therefore, 
if only contact stresses were present, it might be expected 
that wear crack growth parallel to the surface^“be unstable, 
so that wear particles would be equi-axed. This is not 
observed experimentally, and the creation of tensile sub­
surface residual stresses is cited as a possible stabilising 
influence. It is found that such stresses are a likely 
outcome of shakedown for. several configurations, and new 
shakedown limits are found for three dimensional contacts*
The effect of residual stresses on wear is studied experi­
mentally by deliberately building in a static stress system, 
and the optimum stress to apply is found for several geometries.

i
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Nomenclature
With the exception of a fey/ sundry equations which appear 
once only, the parameters used are defined below;
A Constant in Paris' fatigue equation
E Young's modulus

*i Image force
a Rigidity modulus
i .j First invariant, complete stress tensor
j 2 Second invariant, deviatoric stress tensor

Ki Stress Intensification Factor, mode i

*ic Fracture toughness
X. Bearing life
N Number of fatigue cycles, or passes
P Applied load, line load.

Q Applied shear load, line load
R Roller radius

r g Groove radius(relaxed)

r g Groove radius(stressed by residual stresses)
a0 Contact radius
a* Interplanar spacing
a Lattice parameter, semi-width of contact in x-direction
b Burger's vector, semi-width of contact in y-direction

*0 Contact half-width
c Crack half-length
d Depth to datum level
h Thickness of low dislocation density zone, contact
k ~ oblateness of ellipse unit on crack face

ki
1-vf
TrEi

m Paris exponent
n Wear rate exponent, ratio



p Normal1 pressure’, fraction of force to relax
pQ Peak contact pressure 
q Shear1 pressure * 
r Distance from crack tip 
rQ Atomi c radius
r On-axis (0=0) mono tonic plastic radius at crack tip 
r* On-axis reversed plastic radiusJr
s.. Deviatoric stress component1 J
t Thickness of electrodeposit 
u Displacement near crack tip
w Dislocation width, contact patch width under uniform 
x,y,z Cartesian coordinates load
x*,y*,z* Normalized Cartesian coordinates(to characteristic 
<* Friction angle contact dimension)

f
Coffin-Manson exponent 

& Influence coefficient
Strain

0 Angle of polar set, particularly for crack-*tip coordsv 
<r Spherical stress where centreline is reference
CTj Stress component (complete)
<F0 Yield stress in simple tension 

Average residual stressJL ci J

<T  ̂Instantanecus residual stress
£0 Yield strain
't'o Yield in pure shear

Coefficient of friction
V Poisson's ratio
cj Depth of groove
tD Depth of groove at centreline

Tensor notation is not used in this thesis and no summation is implied by the use of subscripts i,j,k.



1. Introduction
1.1 Wear and its classification

Wear is the degradation and loss of the original 
surface of a material due to rolling or sliding contact 
with another body, usually over an extended period of 
time. It is rarely catastrophic in itself, though it may 
well lead to catastrophic failure. For instance,the wear 
of piston rings in an internal combustion engine may only 
have the immediate effect of permitting the escape of 
working fluid, and therefore reducing efficiency. However, 
to maintain the same power may now necessitate higher 
speeds, and hot gasses escaping down the bore will result 
in higher running temperatures, so that any wear debris 
is likely to be welded onto the bore or piston, causing 
interference. Eventually, the engine may seize. The 
renlacement of worn parts is often expensive, because, 
besides the cost of components and labour, the lost 
production of a machine may need to be considered, eg. in 
1976 a rolling mill undergoing repair was estimated by 
Eyre (1) to represent production losses of £4000 per hour. 
Because of these expenses the study of wear has become 
increasingly important, and the word ’tribology’ was 
coined to describe the study of wear, friction and lubrication 
Tribological studies should lead not only to new treat­
ments and configurations providing improved wesr resistance, 
but to reductions in the energy expended by non-conservative 
motion. Also, solutions are being nrovlded for bearings 
working in severe environments such as a vacuum, at high 
temperatures, or with extremely high relative velocities

4



"between the wearing pair.
Since Bowden and Tabor’s treatise(2), several texts 

have been published with different emphases. An energy 
balance approach to wear, including the use of free surface 
energies to speculate on the degree of cold welding is the 
theme of books by Rabiriowicz(3) and Moore(4), whilst the 
latter also examines the wear of plastics, Besign aspects, 
lubrication and metallographic features are described in 
the handbook by Neale(5), and mechanical topics are treated, 
inter' alia, in Sarkar(6) and in Halling(7). This thesis 
builds largely upon work presented in the last two books, 
and, following their authors, will begin by broadly 
classifying wear. These divisions are the classical ones, 
and the proportion of failures for which each is responsible 
is shown as estimated by Byre(1);
A. Adhesive Wear. 15%

Adhesive wear does not require mechanical interference 
of surface imperfections, but occurs when the local contact 
pressure is sufficient to cause the surface to yield, 
resulting in sufficiently intimate contact for wielding to 
occur. Subsequent motion causes the junction to break
either side the weld, because the weld material itself i’s

{
stronger owing to work hardening.
3. Abrasive Wear. 50%

This occurs when hard particles, either embedded within 
a surface or existing separately, gouge elongated chips 
or slivers from a component. The wear resistance of a 
metal to such action is usually proportional to its 
hardness. See, eg. Sakamoto and Tsukizoe(8).



C. Erosive Wear 8°/>

Erosion is normally associated with the action of 
minerals on metal surfaces, rather than a metal-metal 
phenomenon. It is similar to abrasion, though purely 
normal impacts may be important.
D. Fretting 8#

Fretting is a specialised type of wear which occurs 
when mating surfaces are undergoing small amplitude(<̂ 100pm) 
oscillatory motion. Debris is usually a powder.
E. Chemical 5#

Corrosion accelerates the degradation of wearing 
sufaces, and produces abrasive debris.

Eyre does not mention the other 14% of failures, but 
a large proportion must be realised as rolling wear.
F. Rolling Wear

Rolling wear is different from the other wear mechanisms 
mentioned because it does not require a component of relative 
motion tangential to the mating sufaces. Also, there may 
be no apparent deterioration of the surface until the wear 
particle detaches itself.

Recent theories classify wear differently, according 
to the morphology of the worn surfaces. In particular,
Suh(9) has described some surfaces as having undergone 
’delamination'.A delaminating surface has many platelets 
of material, typically about 1Qpm long and 1pm thick removed, 
leaving several more potential pistes still attached to 
the surface, fig.1. Detached plates do not retain their 
form, but are quickly rolled into approximately spherical 
debris. Many, but not all worn surfaces show this type of



A typical Delaminating S u rfa ce -n icke l being worn under 

Sliding conditions. Fig.1

The worn part of the surface is towards the top of the 
photograph. A slight burred over edge to the wear track 
may be seen, and, in the foreground, the unworn surface.
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morphology,and examples of delamination have been found 
under adhesive conditions hy Suh (9), under normal impact 
loading by Rice(10) and upon ground surfaces, which might 
be looked upon as a type of controlled abrasive wear, by 
Doyle and Turley(11).

The Delamination theory does not'really contradict 
the long-established Archard tneory of adhesive wear (12), 
but rather complements it: from a straightforward acceptance 
of Archard’s theory one might expect approximately equi- 
axed wear particles to result, whereas they are frequently 
elongated, as suggested by delamination, and the worn 
surface is rarely pitted. However, Archard’s hypothesis 
explains adequately the transference of material from one 
wearing component to the other, which is often observed, 
and also points out why it is not always the interfacial 
bonds which fail.

The mechanism by which delamination occurs is still 
to be explained. It is suggested that delamination proceeds 
by the propagation of a crack, approximately parallel to 
and very near to the surface, which eventually turns 
upwards, creating a wear particle. On a rather larger
scale, the same process is thought to be responsible for(
the generation of spalls under pure rolling conditions, 
and for this reason a unified approach to the two processes 
is thought feasible..A detailed model covering the two 
configurations is presented in chapter 3.



I
1.2 Parameters involved in Wear

It is clear that, the rate of wear of a rolling or 
sliding nair will depend on many parameters. These may he 
split into (a) those which might he expected to have an 
influence if ’model1 materials were heing worn and (h)those 
which complicate the picture when using real materials.
Since lubricated contacts will not he treated, the possible 
parameters in class (a) are:
1. Type of relative motion,ie. rolling, sliding or impact,
2. Applied load, and constitutive relation of wearing materials 
5. Relative velocity & its type: single direction or oscillatory
4. Coefficient of friction.
5. Geometry of contacting surfaces, plus a measure of the

surface roughness.
In principle, the data mentioned should he sufficient 

to analyze the mechanical processes of wear under any 
conditions, provided the material were isotropic, homogeneous, 
and unaffected by any heat generated.Variables belonging 
to category (b) are:
6. Microstructure and crystallography; size and distribution

of grains, lattice orientation within surface grains
7. Presence of inclusions & second-phase particles

i
8. Thermal stability and possibility of a phase transformation
9. Oxidation of surface. This is a particularly important 
variable, since the presence of a stable, well-adhered 
oxide may provide lubrication and reduce wear, whilst a 
poorly adhering abrasive oxide will certainly accelerate
wear. The importance of oxidation was demonstrated by V*elsfi( 13) • 

With the exception of a short consideration of the 
behaviour of dislocations near a free surface, reported in

9 ■
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(1.5)> this work has considered the wear problem only from 
the continuum viewpoint. The restrictions of such an approach
are well appreciated, but it is felt that considerable. |
insight into wear problems may nevertheless be gained, and, 
providing systems are chosen where the influence of variables
6-9 is small (eg. relatively inert pure f.c.c. metals), the 4
results should be valuable. A further parameter which will 
virtually be ignored is surface roughness. Normally, 
providing the contacting surfaces are not smooth to the point 
where large areas of adhesion are present, wear is independent 
of initial roughness, since a steady state is quickly achieved; 
This has been found in sliding (14) and rolling-with- 
traction configurations (15). though under pure rolling 
a higher roughness normally leads to a reduction in fatigue 
life. Greenwood and Tripp(16) showed that the contact pressure 
distribution of a roughened sphere approached that of a 
perfectly smooth sphere as the load was increased,-and so 
for the majority of contact applications the surface topo­
graphy does not influence the overall stress field. This 
might be expected from an application of St. Venant’s j
principle, though the assumption is invalid very near the 
surface, where the influence of .discrete asperities will be

j

apparent. Also, the presence of distinct flaws will affect 
the bulk stress field as shown by Gerlach and Lokhamp(17).

The simplification of a continuum stress approach 
means that all the classical methods of elasticity, and in f
particular the contact stress solutions of Boussinesq,
Blamant and Hertz are available. There are difficulties 
encountered in contact work which are not found in other i i

applications of stress analysis. Bor example, under Hertzian

-i
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contacts the yield point is initially reached well below 
the surface, so that for loads only slightly in excess of 
the elastic limit a plastic zone is formed which is 
surrounded by elastic material, and is unable to flow. 
Therefore the Prandtl-Reuss rules are difficult to apply, 
and, strictly, deformation plasticity may not be used 
because the loading is not proportional. All three principal 
stresses are negative over a large proportion of the contact 
field, and this gives difficulties in assessing fatigue 
failure, because classical fatigue relations characterise 
the tensile stresses tending to open the crack root in, 
say, a rotating bending test. Except very near the surface, 
wrhere one principal stress is alwrays positive, it is clear 
that shear loading on cracks, inclusions and flaws plays 
a key role in causing wear. The influence of shear loading 
on these features under more easily controlled conditions 
is not well documented, because the application of pure 
shear is not easy to apply stably, using a loading frame. 
Also, when at least one of the principal stresses is 
positive, as it usually is, this tends to dominate any 
brittle behaviour.

Lastly, the relatively small value of the deviatoric 
stress in comparison with the absolute value of the spherical 
stress component means that finite element solutions are 
often inaccurate unless fine nets are used. Correspondingly 
powerful computers are therefore required, and yet more 
capacity is needed to handle the effects of cracks or 
plasticity.

11



1.3 Delamination and Dislocations
As has heen mentioned, the delamination theory of wear 

began by Suh (9) examining the nature of worn surfaces and 
noting their similarity with a delaminated composite. At 
the time Suh advanced the idea that the thickness of the 
plates which detached was governed by the dynamics of 
dislocations in the surface grains. Specifically, he 
suggested that a zone with a low density of dislocations 
existed for a short distance down farm the surface. This 
layer, being free of defects, would flow freely with respect 
to the interior without the formation of voids, thereby 
reducing the possibility of crack initiation. Suh also 
suggested that this layer would be much softer than the 
bulk material, though it is difficult to see how the absence 
of dislocations which provide a material with the ability 
to flow at moderate stresses, could show such a phenomenon.
All that would seem possible is a lack of work-hardenirg, 
since no dislocation locking could occur. A naper by kirk 
and Swanson(18) claimed to have found a soft surface layer: 
micro-hardness tests were performed on a vertical section 
through a wear track in copper, and did indeed show a fall- 
off in hardness near the surface. However, the authors 
reported the interior hardness of the material too, and 
this was similar to that found at the very surface, so 
that the intervening hardened zone might be better interpreted 
as work hardening near the severest Hertzian stresses. More 
recent work by Huff(19,20) using the SAGP technique failed 
to recognise any change in the surface properties in worn 
iron. In spite of the current scepticism towards a. dis­
location explanation a short exposition of the estimation

1 2



of zone thicknesses may prove useful, particularly for 
comparison with other results presented later.

If a dislocation is found near the surface of a metal 
it is acted upon by an ’image force'. For a simple cubic 
lattice the principle is illustrated by considering two 
line dislocations of opposite sign near to each other 
within the crystal, fig. 2. Sac:, dislocation has a unit 
Burger’s vector, considered separately, but the sum of the 
two is zero and the corresponding long-range elastic energy 
of distortion is also zero. If the lattice above the line 
A-A is removed, giving a free surface, the forces on the 
dislocation in the lower half of the crystal remain un­
altered. Since the force attracting a dislocation to the 
surface is found by the method of images it is called an 
image force:

where E is the elastic energy of the dislocation.
There is a frictional force resisting tne motion of a 
dislocation through a lattice, and the edge of the low 
dislocation density zone is assumed to be where this force 
is just balancing the image force, unfortunately, it is 
rather difficult to determine the friction force for a 
single phase metal. In his original paper, Suh(9) gives 
several estimates for' two-phase and precipitation-hardening 
alloys, but no hint on evolving a value for an elemental 
metal. The best estimate is probably provided by the 
Peierls-Eabarro force, ie. the force needed to move a singl 
dislocation through an otherwise perfect crystal:

■m
i

. 4

■$KI4
I
I

-4
" $
I
1

h-
J:

cr (2)
I
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THE CONCEPT OF AN IMAGE FORCE

FORCES ON A DISLOCATION NEAR A SURFACE

FREE SURFACE

IMAGE FORCE

DISLOCATION CORE

FRICTION
FORCE

Dislocation dynamics. Fig.2.



A further difficulty arises is estimating the width of the 
dislocation, hut a rough value given by Cotterell is:

w= JZ7 (3)
where a’ is the interplanar spacing. Note that equation
(2) is very sensitive to dislocation width, and hence to
characteristic stacking fault energies. Since the Peierls-
Nab&rro force is applicable only to glissile motion, the
only dislocations of interest in an f.c.c. metal are;

Unit dislocation, where |b| =

Shockley partial, where |b| =
(4)

Nor an edge dislocation (2.1):

loge(?J + Eeore 
v’here Ecore is the anelastic energy associated with the 
core. Neglecting this, and substituting equations (2) &
(5) into (1) gives:

' h= (6)

For an h.c.p. crystal the smallest (lowest energy) glissile 
dislocations are unit dislocations in the basal plane:

Unit dislocation, |b| = a (7)
Using these calculations the possible low dislocation density 
zones for a number of f.c.c. and h.c.p. metals were evaluated 
and the results are presented in table 1. In addition to 
the difficulties mentioned, the following limitations 
should be borne in mind;

A. The calculations assumed that the glide planes are
perpendicular to tne surface, ulearly, tnis will not
generally be the case and indeed Suh(22) comments that there
is some evidence to suggest that slip planes a.re re-oriented 
after wear, parallel to the surface. Further, it is assumed

15



Table 1. Depth of Low Dislocation Density Zones
A. Face Centred Cubic Metals

Metal V h . , unit nShockley ro
Aluminium 0* 34 22 2200 0-29
Cobalt 0' 34 19 1900 0*25
Copper 0* 35 22 -2100 0*26
Gold 0* 42 57 12300 0*29
Iridium 0* 44 70 19100 0*27
Iron 0* 25 12 784 0*25
Lead 0- 35 91 2 4700 0*35
Nickel 0. 31 14 1100 0 • 25
Platinum 0* 38  ̂j 4700 0-28
Rhodium 0- 32 17 1400 0*27
Silver 0* 37 31 3900 0*29

B. Hexagonal Close Packed Metals
Metal V ^ideal ■̂ real r*0
Cadmium 0- 21 7*6 18 0-30

Magnesium 0*31 18 18 0-32

Nickel 0- 37 26 27 0-25
Titanium 0* 32 19 15 0-29
Zinc 0* 26 7*1 22 0-27
All dimensional quantities are in units of nm.
h. , refers ideal to a (c/a) ratio of 1•633
r is atomicn radius or lattice constant ’ a T in h.c.p.
h refers to values obtained, when using actual valuesr e ai

of1 c 1 and ’ a* . 
Data were obtained from Barrett & Massalski and the 
Nuffield advanced Data Booh

16



that the slip direction is perpendicular to the surface; 
this is unlikely to be the most energetically favourable 
glide direction in the majority of crystals.
B. Since the Peierls-Nabarro force was used, the interactive 
forces between several dislocations contained in the same 
crystal were ignored.
0. Nothing has been said about sessile dislocations. They 
could exist in equilibrium very near the surface, ana would 
behave as possible pile-up points for other dislocations, 
encouraging void formation. This is clearly at variance 
with Suh’s hypothesis.

Prom these comments, the low dislocation density zone, 
if it exists, could be expected to have a very ill-defined 
boundary. The essential result of the theory is that the 
wear sheet thickness, which is expected to be comparable 
with the zone’s depth, should depend only on the material 
(and perhaps have a weak dependece on grain size). The 
applied load should not influence the plate thickness, nor 
should the presence of any stress parallel to the surface 
alter the mode or rate of wear, wear experiments performed 
inside a SEM have recently shown the first statement to be 
invalid(23), because the plate thickness increased with 
load. The second aspect is treated in chapter 2.

1.4 The Continuum and Wear
Most early explanations of rolling wear make use of 

solutions based on a perfect, flawless material. The object' 
was simply to try and assess the most probable depth of 
failure,' and correlate experimentally the wear rate with 
applied load. Similar techniques seem rarely to have been

17



Coordinate System used in 2-D 

Calculations Fig.3.

Roller

Key to photographs-. 
Depths normalized by bo.

cr.
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Variation of stresses beneath a roller .Fig. 4a.
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Variation of stresses beneath a roller . Fig.4b.
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applied to sliding wear, nossinly because solutions to the 
three-dimensional Hertz problem with traction have not 
become available until much more recently.

Consider the case of two-dimensional rolling contact, 
fig.3. Many experiments have been performed to assess the 
life of rollers, and these were reviewed ov Johnson(24). 
v.ith the exception of a small area near the surface, just 
beyond the contact patch, all direct stresses are negative.
Since the depths at which cracks are found is well below 
this tensile region, attention was focussed on the role 
of shear stresses in causing the growth of cracks. The 
solution to the complete stress field for this problem 
was found by Beliaev, and is given in English by Radzimovsky(25) 
The variation of stresses with distance from the contact 
strip is shown for various depths in fig.4. The direct 
stresses are all symmetrical with respect to y, whilst
the only non-zero shear stress,^ „ , is antisymmetrical.

. X.y

The stresses are given by;

—  tx.

(8)
.sinh2<*

1 cosh2o< '-cos2/3

Letting; x*=x/b and y*=y/b
u = 1-x*'~y*^

 .   i
Then:j2 sin^ =(u+,/u*+4X**1 sinhc* = ( -u+7uJ+4x*2')z

20



The other quantities required may he found by appealing to 
standard trigonometric identities. Two important quantities 
which might govern the strength condition of rollers are;
A. Largest Shearing Stress,

O' _ o"2 ,jl (W (9)
45 xy xx yy

'2̂ 45This quantity has a. maximum value given by =0*504
0’which is attained on the axis of symmetry, at y*=0,x*=0•78

Since it represents the largest shearing stress found,
may be used to find the elastic limit, by Tresca’s criterion

ie-^45 iC
°r iT 3.29 (10)

L q \
This gives the largest load which may be supported by the 
rollers without plasticity, and locates the severest state 
of stress found.
S. Largest Range of Shearing Stress

As /2' is an odd function of y, material beneath a . xy
rolling pair experiences a complete reversalof shear stress 
on any plane parallel to the surface, ie. a range of shear
stress of 27T_r__. The maximum value of isxy xy =0-256

} >
and is located at x*=05, y*=+0.85.It was usually accepted 
that the fatigue limit for a subsurface crack be based on 
this quantity (26).

As a frictional force is applied in conjunction with 
the normal load the point of severest stress moves upwards 
and forwards. At the same time another maximum develops at 
the surface and at Coefficients of friction greater than 
0*567 the yield condition is always reached at the surface 
first. Wear life estimations for a sliding configuration 
using the continuum solution have recently been presented

21



by Jain and Ba.hadur(27), t'nougn they consider three- 
dimensional contactvS, and examine the tensile stresses 
near the surface. The other point of severe stress is of 
the order of half the semi-width of contact below the surfac 
at a depth not inconsistent with delamination,eg. A typical 
delaminating sheet has a thickness of about 1j x m, whilst a 
typical equilibrium roughness for a wearing pair which does 
not form a glaze is 1-3 y/m 0.1. A. The contact patch associat 
with an asperity will therefore have a diameter of about 
3-5 times the thickness of the sheet, and the critical 
depths of worst stress and detaching sheet approximately 
coincide.

These propositions will be considered in greater detail 
in chapter 2, when the effect of residual stresses will also 
be taken into account. Analysis of this sort, because it 
does not provide for the presence of growing cracks, can 
only give a rough idea of the mechanisms of wear. A method 
will now be introduced whereby the influence of the cracks 
themselves may be properly allowed for.

1.5 Fracture Mechanics and Y»;ear
One of the curious features of sliding wear is the 

way surface layers of a body appear to flow with ease 
plastically, and at the same time show features of brittle­
ness, fig.5. Nor is the phenomenon one of simple work- 
hardening, for enormous strains, up to 8 in copper, have 
been detected (28), when materials under tensile loading 
conditions would long since have failed.* Bridgman *s classic 
experiments of the 1950’s illustrate that a large confining
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this may, to some extent, explain the large strains. Never­
theless, the entire histox^y of spalls and the final fracture 
of delaminating sheets are both, brittle phenomena. For this 
reason fracture mechanics is beginning to prove useful in 
studying wear.

Fracture mechanics started in 1920 when Griffith
examined the failure of completely brittle glasses. He
used the elastic stress concentration factor (e.s.c.f.)
for an elliptical hole, recently determined by Inglis,
and took the limit as it became infinitesimally wide and
crack-like. From this Griffith deduced the release of
local elastic energy if the crack were to grow, and
postulated that this would occur spontaneously if the elastic
energy released exceeded the energy needed to create new
crack surfaces. It transpired that this would happen if the
quantity crjc reached a critical value, and the result was
confirmed experimentally. The most important advances were
then made after the Second World War, following the brittle
failure of several continuously welded ships. A dimensionally
similar quantity to that used by Griffith was recognised as
being the key parameter, providing the material yielded to
only a limited extent, and this was given the symbol ’K l.
The quantity fE* is given a variety of subscripts. Consider
fig.6, which shows the three ways in which a crack may be
loaded. The variable which governs the rate of crack growth
is called the stress intensification factor (S.I.F.) and
is defined for each loading arrangement; is the S.I.F.
corresponding to the opening mode, rela,tes to the shear
mode and Kj jT to the antiplane shear mode. Stress intensi-

-3/2fication factors always have dimensions of forcexlength
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and characterise accurately the crack tip stresses in 
terms of the distant loading and component geometry. Except 
for very simple geometries they are quite difficult to 
determine. Note,too, that they are always proportional 
to the applied load. When a critical value of S.I.E. is 
attained, called the fracture toughness and denoted, for 
mode one under plane strain conditions by K-rn, the crack

-L O

will propagate freely. Normally, as the crack grows, so 
the S.I.E. increases. Thus, as soon as the crack starts 
to grow it will continue to do so at an ever increasing 
rate and brittle fracture results. One of the advantages 
of fracture mechanics is the unified approach to fatigue 
and brittle fracture which is made possible. Thus, under 
repeated loading, even if the fracture toughness is not 
reached, some crack growth will occur, and the amount of 
growth is often proportional toAK^. Empirical laws 
relating the crack growth to the S.I.E. exist, so that 
by integrating them the life of a component can, in 
principle, be found. Belov; a critical threshold S.I.F., 
designated A K jq no crack growth will occur: this 
corresponds to the idea of « fatigue limit in classical 
fatigue.

It is apparent from previous comments that under 
rolling wear conditions only shear mode, or mode II 
crack growth can occur. When a tractive force is also 
applied a, zone of tension develops behind the contact zone 
and in this region mode one growth may also be possible. 
Polk and Rowe(?9) estimated the rate of crack growth in 
failing rollers by sectioning, and extensive experimental 
work by Soda et al (30) lead them to the conclusion that



wear is a fatigue controlled -process. Halling(31) in a 
novel theoretical paper recognised wear as being due to 
fatigue. None of these authors attempted to use fracture 
mechanics to assess wear, and it was left to Suh (32) again 
to provide some iijpvation in determining S.I.P.’s. More 
recently, work has been published by Hornbogen(33) stating 
the role of fr?~cture toughness as the determining factor of 
wear rate, though his hypothesis was based on a dimensional 
argument, rather than mechanics. AD.so, McClintock(34) has 
examined the stresses and plasticity around a crack lying 
beneath a rolling contact. Even this paper avoided using 
the S.I.P. by using an unusual continuum-dislocation hybrid 
approach. Pegredo and Pritchard(^5) performed sectioning on 
worn rollers undergoing rolling/sliding and clearly identified 
growing subsurface cracks. Muro et al (36) have treated 
the growth of surface cracks in rollers of high quality 
steels experimentally, and their paper is important because 
it introduces the key role of residual stresses. Muro 
found that cracks were often surface initiated and identified 
the initiation of cracks with a small zone of residual tensile 
stress. Later, it will be shown that such a residual stress 
has a very significant effect in many configurations. Zum 
-Gahr(37) has recently applied fracture mechanics to abrasive 
wear.Wear as a fatigue process has been the subject of papers 
by Kolozsvary(38) and Finkin(39)» the latter using the Coffin- 
Manson exponent to treat asperity fatigue. Finally, Roberts 
et al very recently published a paper (40) on the wear of 
dental alloys in which they cite fracture toughness as the 
best measure of wear resistance.

Returning to the question of whether wear cracks are
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surface or subsurface initiated, it appears that three 
factors strongly influence the location;
A. Because of the severe state of stress introduced at 
the surface, and the increased amount of microsiii), any 
shear traction applied strongly encourages surface initiation.
This condition exists at gear teeth, yhere there is normally
a small tangential motion.
B. Poor quality steels with many subsurface flaws and 
precipitates tend to produce subsurface initiation, because 
of the large number of stress-raisers and the questionable 
bond of second phase particles. Further, inclusions may 
break in a. brittle manner and provide a stress concentrator.
C. Boundary lubrication often causes any surface flaws to 
grow more quickly than those not open to the surface, 
because of the hydraulic action of lubricant as it is
pumped towards the crack tip.

Mow that the various possible techniques of mechanics 
which might be used to assess wear have been specified, 
one particular topic will be studied, viz. the influence 
of pre-existing stresses on wear. Mainly continuum mechanics- 
will be used.



2 * Surface treatments and 
Residu 5,1 Stresses

2.1 Surface treatments
In this chapter the physical influence of surface 

treatments on wear is considered, with particular emphasis 
on the residual stress often incorporated. This parameter 
is not normally evaluated, but is shown here to have a 
considerable effect on wear rate and the morphology of 
worn surfaces.

Surface treatments are attractive because a wear 
resistant coating may be produced which does not compromise 
the properties of the interior, so that, for example, a 
hard,brittle coating may be formed on a tough steel 
component. It is possible to classify treatments into those 
which require the laying down of an extra layer of material, 
such as electro deposition, vapour deposition and ion 
implantation, and those which do not, such as shot-peening 
and ball burnishing. Further, the materials chosen for 
the coating fall into two distinct categories; those which 
are very much harder than the substrate, such as chromium, 
and those which are much softer, such as cadmium or gold 
(because the volume of material required is very small, 
material costs are low and choosing a precious metal is 
economical!, y reasonable;. Clearly, each class of treatments 
must have a different type of influence on wear rate. 
Reviews of surface treatments were published by James et 
al (41J and'by Hurricks(4 2;.

Shot-peening and ball burnishing dc>-not influence 
the chemistry of a component in any way, and so must 
have solely a physical influence. Three m a m  effects are;
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A. The surface finish of the component is improved.
B. Flastic deformation of surface layers produces work- 
hardening.
C. Compressive residual stresses are introduced into 
surface layers.
cork hardening is suggested by Rejasek^riah and Vaidys.nethen
(43) as being mainly responsible for improved wear resistance 
as they found that wear rate decreased monotonically with 
burnishing load, whereas the surfa.ce finish deteriorated
at high loads. Fretting experiments conducted by Waterhouse
(44) using shot-peened stainless and mild steels showed 
considerable improvements over untreated steels. Waterhouse 
points out the possibility of residual stresses being 
modified by plastic deformation during wear, so that shake- 
down to a common residual stress system might occur, Kow'ever, 
the clamping pressures used in his experiments would seem 
too low, and the initial stresses probably persisted.

The value of putting a thin layer of soft material 
on a hard substrate was recognised by Bowden and Tabor(2), 
They reasoned that a soft layer w-ould flow easily under 
traction forces and so transmit low stresses to the sub­
strate, whilst the strength of the interior would be better 
able to' withstand fatigue stresses. For this to be effective, 
the thickness of the soft layer must clearly be less than 
the depth of worst Hertzian stresses. Sliding wear experiment 
were performed by Jahanmir et al (45,46) using cadmium 
plate. They found that the wear rate was initially high, 
but that as the coating thinned to about""0 • Vra the w-’ear 
rate fell significantly. The explanation put forward was 
that the ’equilibrium1 plating thickness corresponded to



Buh's dislocation-free zone, so that the plate was free of 
defects. Bowden and Tabor’s bulk explanation seems equally 
feasible, 'particularly as Jahanmir's experiments relied on 
the attainment of a quasi-equilibrium thickness by running 
in wear, which is always more rapid. Experiments by Takagi 
and Liu(47) and by Antier(48) illustrate the lubrication 
provided by gold. This is especially useful for wiping 
electrical contacts, because of the inertness and conduct­
ivity of gold, but its softness leads to difficulties in 
ploughing,ie. severe abrasive wear (46).

The laying down of a hard surface material seems to 
be equally effective in reducing wear,, though the thick­
ness needed is rather larger than that quoted by Jahanmir, 
and the worst Hertzian stresses occur within the treated 
layer. Hard electrodeposits, usually of nickel or chromium, 
find immediate application in the repair of worn or wrongly 
machined components, and Palex tests have shown that the 
repair has at least as good wear resistance as the original. 
Electrodeposited or electroformed balls are used in high 
speed ball bearings, where their low mass leads to lower 
centrifugal loading (51,52). A more rigorous examination of 
the parameters controlling the wear of chromium was under­
taken by Eyre and his co-workers (55,54). Chromium electro­
deposits frequently have a large tensile stress built in, 
and this produces a cracked surface. In the more severely 
cracked ’channel-type' chromium debris wras often trapped, 
producing severe three body wear. Further, the poorer 
mechanical strength of channel chromium lead to a flaking 
of the surface. Briscoe et al (55) noted the brittle, though 
plastic, nature of chromium, and characterised the hardness
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by applying a spherical indentor and noting when a complete 
circumferential crack had formed. This is very similar to 
the technique of estimating the critical flaw size of a 
material, by producing a Hertzian cone crack (55). Thus, 
the wear experiments were really related to a brittle 
fracture toughness parameter rather than the hardness.Also, 
variation of toughness and corresponding wear resistance 
with plating current density were reported.

There have been some publications on the influence of 
plating variables on wear resistance and other mechanical 
properties. Ledford and Dominik(56) showed that some additives 
to nickel plating baths produced typefaces with a better 
wear resistance. A comparison of the wear resistance of 
conventionally deposited and electroless nickel was made 
by Wiegand and Heinke(57) who found that electroless nickel 
gave poor results, owing to its brittleness, even though 
it was the harder of the two. They also recognised the 
deleterious effect of a large built in tensile stress, 
though this was not quantified.

Residual stresses seem to be important in reducing 
ŵ ear, therefore, in peened, burnished and deposited treat­
ments. The easiest stress to control and to measure is 
that found in electrodeposits. It was therefore decided 
to measure experimentally the wear of electrodeposits with 
different built in stresses. Nickel vras chosen as the most 
suitable electroplate, since its elastic properties are 
nearly the same as steel, which was used as the substrate, 
and there would therefore be no discontinuities in the 
stress field at the interface. Some effort was spent in 
determining the stress incorporated in the deposit, and



the method developed is described in the next section.

2.2 Properties of Electrodeposits
There have been many reviews of the various methods 

available to determine the stress in a deposit, notably 
by williams( 58) , 7,'alker( 59) and Borchert( 60) . Recently, 
vYeil(60) pointed out the distinction between long-range 
ordered stresses,ie. those which would contribute to the 
distortion of a thin component, and the short-range 
stresses found within individual grains and affect mainly 
the measured hardness of the material, rather than causing 
any macroscopic change of shape. An instrument to measure 
the second type of stress was given by Begh et al (62), 
whilst many papers have been published describing the 
assessment of macroscopic stress; metho.ds based on the 
distortion of a nominally straight strip are given by 
Hoar and Arrowsmith(63,64), G-abe and West(65), Norris(66) 
and Sykes and Rothwell(67). methods using a spiral strip 
are mentioned by Brenner and Senderoff(68,69) and instru- • 
ments based on the dilatometer are described by Cleghorn 
et al (70), G-abe(71) and Rushner(72).

Of these devices, the one which seems to be the most 
fundamental and to introduce the smallest number of un­
knowns is that of Hoar and Arrowsmith, shown in fig.7. The 
cathode of the plating bath is a thin strip, stopped off 
with protecting lacquer on the side further from the anode. 
Affixed to the top are the armatures of a pair of solenoids, 
which work antagonistically, and a convex mirror. The 
mirror is part of an optical lever. As plate is laid down, 
any stress present bends the cathode and hence tilts the
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mirror. By applying a suitable current to each solenoid, a
force is generafed which maintains the strip at the null
position, and a note is made of the solenoid current. 
Calibration is performed by putting in a fresh. tfca.thodeu
and tilting the apparatus onto its side* Known weights are
then added to the cathode tip, and the current needed to
maintain equilibrium is noted. Hoar and Arrowsmith's method 
has these advantages;
a. The elastic constants of the substrate do not need to 
be known. Any anisotropy of the substrate does not affect 
the instrument.
b. Very little relaxation of the deposit is permitted, 
although a very slight S-shape will develop.
c. It is essentially frictionless, but the damping effect 
of the plating solution and surface tension may influence 
the result at very low forces.
d. The specimen is much simpler to make than .that needed 
for a spiral contractometer.
e. The current distribution is nearly uniform.
The disadvantages are;
a. The armature assembly has to^aligned and fixed before 
fitting into the rest of the apparatus. This has to be done 
for each test and is both tedious and detrimental, since

f

c3_eaning activates the surface causing rapid deterioration. 
The final electrolytic etch may be done with the strip in 
place.
b. Owing to anticla.stic distortion and lateral stresses 
within the strip, high tensile stresses can cause the strip 
to become a shallow dish shape, increasing its rigidity.
c. The plating solution cannot be agitated or aerated.
d. Perakh(73) pointed out that because the angle of the
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Automated Hoar & Arrowsmith apparatus.
Fig.9.
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strip is not uniquely determined by its position, there may be 
ambiguity in the null position, as shown in fig. 8.

An automatic plating stress monitor has been described 
by Loch et al (74) which was eased on the spiral ccntract- 
ometer, and another by Sykes et al (75), which v.as based 
on the old technique of measuring the'deflected form of 
a strip. These methods are convenient but lack the accuracy
of Hoar and Arrowsmithfs method. The apparatus to be

%
described is an automated version of Hoar and Arrowsmith*s 
device which records the force on the strip and removes 
some of the other drawbacks.

The same basic arrangement as Hoar and Arrowsmith*s 
is used, fig.9., but the optical lever is replaced by a 
light beam shining across the plane of swing of the strip.
Two closely-mounted photo-transistors lie in the shadow 
of the strip, and, in the equilibrium position, have 
approximately equal amounts of light falling on them. As 
the strip bends one photo-transistor is covered more than 
the other, and this difference is supplied to a controller, 
which adjusts the ratio of current in the two solenoids 
so as to centralise the strip. A signal proportional to 
the current ratio is fed to a chart recorder. Objection 
(d) is therefore removed, since the apparatus is sensitive 
only to the lateral position of the strip. Further, owing 
to the finite separation and area of the photo-transistors 
a small oscillation of the strip occurs (of amplitude 
about 1mm); this tends to agitate the plating solution 
and produces plates of noticeably better quality, with 
no porosity.

Fig.10 is a circuit diagram of the controller. There
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is a standard three-ra.il power supply and the light sensors 
are connected to an operational amplifier in difference 
amplifying mode. The gain is limited by a variable feed­
back resistor, though the addition of an otherwise desirable 
capacitive integrating term lead to instability. The output 
of the operational amplifier is connected to a transistor 
pair whose total emitter current is constant. js,ach transistor 
drives a solenoid and the null position can be adjusted by 
varying the nominal base potential of one transistor. Ail 
adjustments must be performed with the apparatus immersed 
because of the additional damping provided by the plating 
solution.

Calibration was performed in a novel way since 
difficulties were experienced with the method usually 
given in the literature,ie. adding milligramme weights to 
the strip. The w e i g h t of the strip and armature alone loads 
the device beyond the useful range. Therefore calibration 
was performed by gradually tilting the assembly and noting 
the pen-recorder reading. The equivalent load is found by 
considering the strip to be a cantilever with a uniformly 
distributed load due to self weight and a point load at 
the end due to the weight of the armature. The restoring 
force 'is thus given by; '

F = g. sinO( m^+m^) (11)
where m^ is the mass of the strip.

m^ is the mass of the armature.
A manual run was performed as a check by breaking the 
circuit at point C (fig. 10}, monitoring' the output with a 
voltmeter, and adjusting the base voltage by a potentiometer.
A comparison of two nominally identical runs is shown in
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fig.11. Notes on the improved apparatus were published (76)-.
The average stress within the deposit, in terms of the 

restoring force applied is;
cr - (12)ra b.t.t  ̂ '

where l,b and t are the length breadth and thickness of
the strip and t is the thickness of the deposit.

The variation of average stress with thickness was 
found to be of the same form as the law proposed by 
Kushner(72);

Tea = A+B- e_kt 0 3 )
What is required is the way the stress varies through the
depth of the deposit. Consider fig.12, which shows the
deposit after plating to a depth t, and after an extra
thickness dt has been added. The new average stress is
given by; } =

rax 7 n  ra
<rridt =^ra+d<rraKt+dt)- T a t 

= o-radt + (t+dt)do-ra
cr . = t. ^ r a  + <r (14)n  • ^ —  ra v '/

Substituting ecuation (1?) into equation (14) gives;
•—  k 4*

°ri = A + B(1-kt)*e (15)
The constants A, B and k are obtained by fitting curve
(13) to the pen recorder trace at three widely separated
points.

To determine some other properties of nickel electro­
plate a strip of stainless steel was plated. The coating, 
of thickness 0*02 to 0*04 mm,was released by carefully 
filing.material from around the edges. A. piece of masking 
tape was stuck over the divorced plate and a standard 
tensile test specimen cut out. The specimen was peeled
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off and a tensile test performed on an 'Instron1. The 
following results are the average of five tests performed 
on stress-free electroplate;

& Q -  506 Lrnm- 2  

£ 0 = 1*28^
E = 195 3\rnm“2

The yield stress is within 5'- of that obtained from a 
micro-hardness test. A severe limitation of the technique 
is an inability to plate material containing a large 
tensile stress, because the stress causes splitting and 
peeling. Etching the surface of stainless steel prevents 
this but makes the plate difficult to remove without 
breaking up.
2.3 Wear tests

hear tests were done on a small lathe originally 
modified as a student project (77). A crossed cylinder 
arrangement was used which has the advantage that no 
ploughing'occurs; this was found to be a difficulty 
with pin on cylinder arrangements, but it has the dis­
advantage that the thickness of plate being worn is not 
constant, fig.13. Tests were carried out at a load of 
19.4 p with a turning speed of 360 r.p.m.. The cylinders 
used had a diameter of 25 mm, the stationary one being 
hardened silver steel. The specimens were plated from an 
all-chloride bath, which is more tolerant of impurities, 
and, according to Broszeit(78), produces nickel with a 
greater wear resistance, at least in corrosive conditions.
By plating with a cool (25 “C) bath using direct current,

-2a tensile stress of about + <iOGNmm ‘ was found to develop. 
By gradually wra.rrning the bath to 60 °C and at the same
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FIXED CYLINDER

ELECTROPLATING
(NOT TO SCALE)

V a ria tio n  of electroplate th ickness across contact
patch . Fig. 13.

time superimposing a square-wave on the plating current, 
an idea due to Kendrick(79)» the internal stress could be 
reduced to negilihle proportions. A square wave of 400 Hz 
and giving approximately 15'X de-plating per cycle was 
most effective in annulling the stress. This was provided 
by using a signal generator connected to a ci.c. amplifier, 
and the current was measured by monitoring the voltage 
drop across a standard one ohm resistor, using an oscillo­
scope. Compressive stresses w^re introduced by making the 
plating solution 0*01 M with respect to benzene sulphonic 
acid (80). Applying a square wave again reduced the
absolute value of the stress, this time from a maximum of

-2Oust over ~200I\'mm ". The stresses quoted are average 
stresses, as found using the apparatus oust described, and 
the conditions were replicated as far as. possible (temp­
erature, current density and square wave superposition) 
when plating a cylinder si^ecimen.
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Top left: very high tensile stress has caused cracking, 
even "before wear. Some porosity.
Top centre: severe porosity caused by insufficient bath 
agitation.
Top right: this coating adhered poorly (owing to improper 
cleaning; and wear has cause peeling of the plate.
Bottom left: a smooth, bright wear track in good quality 
nickel plate.
Bottom centre: coarse, severe wear track in unplated steel. 
Bottom right: the left hand wear track has worn through 
in the centre and shows severe wear of steel. Either 
side, the crossed cylinder was supported by nickel.

Some plating defects and wear tra cks . Fig.14 .
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The hardness of each specimen was measured before 
performing a wear test. Owing to the thinness of the 
electrodeposit (about 10/mi), it was not possible to use 
an ordinary hardness tester, because the depth of impression 
would be so large that the associated plasticity field 
would extend well into the substrate. Therefore a leitz 
micro-hardness tester was used, with a Vickers pyramidal 
indentor. Ideally, for a hardness of about 160 V.H.N., 
the absolute minimum load of 25g. should have been used, 
but difficulty was experienced in obtaining repeatable 
results because of the small size of the resulting impress­
ions. Therefore, a load of 50g. was used consistently 
for the tests, giving impressions about pQ/mi across. The 
estimated penetration corresponding to this load and 
hardness is 3*2/um, so that the bulk of the flow zone 
should lie within the deposit. There wi!3» inevitably be 
some "anvil" effect from the substrate, though the elastic 
behaviour of nickel and steel are very similar.
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Pig.14 shows a selection o:f worn specimens, and defects 

which were found. To eliminate the porosity seen in some 
examples a motor was fitted to rotate the specimen during 
plating; this also helps to maintain an even thickness of 
plate. There was no obvious difference between the wear 
regimes of the specimens (except for the unplated steel), 
a  summary of results is tabled below, each entry being the 
aggregate of five experiments, several results had been 
discarded, owing to plating faults- poor adhesion, porosity, 
cracking of tensile specimens and uneven deposits. Some 
results are plotted in fig.15.
Table 2. Results of Preliminary Set of Wear Tests
Deposit Stress Hardness •'/ear 0 • D • A •
thickness 

(/Kin) (Krnm~^) V.H.iv. (mgs~ 1 )
(before vo 

(/*m)

Steel - 2C0 0-805 • 1*0
50 +/1Q0 260 0 • 007 1*6
50 0 160 0*018 0*9
50 -175 220 0*003 0*4
18 0 165 0*018 1*0

130 0 153 0*018 0*9

Very thin deposits (2 • 5̂ m) , tried on one or two sp
failed, more less immediately, possibly because of the way 
the deposit depth varies s.cross the contact patch, as 
mentioned earlier. The following conclusions were drawn;
1. Wear seems to be independent of thickness, above a 
certain critica.1 thickness. G-eorges and Rabino\vicz(81) 
arrived at the same conclustion for chromium, cobalt, 
rhenium and rhodium.
2. The rate of wear decreases with increased surface hard-

44



u o

MASS
OSS

(mg)

3 0 -

20 —

10

STEEL

Each line summarises the 
re su lts  of five  re s ts .

The f i r s t  30 s ., being

running in wear, is no t

in c lu d e d .

NO STRESS

COMPRESSIVE
STRESS

TENSILE STRESS

500 TlME(s)

R esu lts  o f preliminary set of crossed cylinder tests .F ig .15.

45



m h h m m

Hounsfield tensometer mounted on Brinell hardness tester. Fig16. 

HARD
Stra in  (%

60
Strain v. hardness

S tress v.
\  hardness

56

□ □ ED52

A p p a re n t hardness v. uniaxial s tress, for aluminium.Fig.17.

46



ness. This is to be expected from Archard's theory.
3. The surface benefits from having a compressive stress 
built into it.

It was observed that specimens with a high tensile 
stress wear quite well. This could be due to their greater 
hardness since it was anticipated that- the tensile stress 
itself would be deleterious, formally, a tensile stress 
would lower the apparent yield point, as in auto-frettage, 
so that the true hardness of these specimens could be rather 
higher than that measured. Also, the micro-stresses, which 
were not taken into account, may have contributed to a 
high hardness. This effect was investigated a little further 
by performing some hardness tests on specimens mounted in 
a tensometer, fig.16, so that a known uniaxial stress could 
be imposed (note that this varies from the test cylinders, 
which contain biaxial stresses). The specimens used were

thick aluminium and copper strip, the latter having been 
rolled heavily by hand in an attempt to work harden it.
When tested under an increasing tensile load, the copper 
showed a monotonically decreasing hardness. Results for 
the aluminium specimen are depicted in fig.17; initially 
the measured hardness fell,as with copper, but at high 
imposed strains urork hardening occured. When 90% of the 
yield stress was reached the specimen was relaxed, causing 
its hardness to return to higher than its original value, 
because of the work hardening. As each indentation was 
made the stress dropped slightly, since local yield causes • 
relaxation in the ’Hounsfield’ tensometer.

Within a wearing pair the material experiences two 
reversals of shear stress per pass. The yield stress will
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vary for each application of shear, not simply because of 
the variation of any residual stresses which may augment 
or reduce, but because of the B&uschinger effect. Paul(82) 
notes that some ’generalized Bauschinger effect' might be 
expected to operate on the yield in pure shear, independ­
ently of any direct-stress phenomenon« These influences 
cannot be properly quantified at the moment.

further wear tests were performed with varying locked 
in stresses and measured hardnesses. The results are sum­
marised in fig.18. Points on the curve are the average of 
three tests, with one anomolous wear rate at Y.H.N. of 
195 with a built in compressive stress. This may have been 
caused by a poorly'adhering electroplate. The highest wear 
rate is when the locked in stress is roughly zero, though 
the curve is not very sensitive to variations in stress 
here, particularly for small tensile stresses. A second 
stress-reliever was used to assess the effect of including 
different complexing agents in the bath. Unfortunately, 
all additives affecting stress used in plating baths would 
appear to contain sulphur, since it is a large atom, and 
when included in the lattice produces a local compression
field. This is relieved in the direction perpendicular to

{
the free surface since there is no material to support 
such a stress. The influence of sulphur as a solid 
lubricant was considered•and so the coefficient of friction 
was monitored in all the tests. It was always a little 
over 0 *3, writh some stick-slip being experienced until 
running-in was complete. Results from experiments using 
two different stress-relievers are compared in fig.19* 
Thiourea, used in the second set of tests,has a greater
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influence when only a small compressive stress is present. 
This may be associated with the size or nature of the ligand 
field which forms around thiourea, but was not investigated 
further.

Scanning electron microscopy was performed on several 
wear tracks, fig.20. Fig.2Gs shows the unworn surface which 
seems to have grown in a !wheatfield1 manner, though a few 
nodules are visible. The surface finish of the deposit 
was usually slightly better than that of the substrate, and 
was of high brightness when the current density was large

o(/vlAdm ). Also shown is a delaminated sheet which has been 
welded back onto the wearing surface, and is unusual in not 
having been rolled up. Subsequent micrographs, fig.20b~d 
show,respectively, the wear tracks of nickel which were 
compressively stressed, stress-free and stressed in tension,. 
It is apparent that wear proceeded in each case by delam­
ination, and there is also evidence of plastic flow in 
some cases. There were no stick-slip striations generated 
by third body wear to be seen, presumably because local 
contact pressures were high enough to cause adhesive action 
when loose bodies were generated. There was some difference
in wear morphologies;
A. Compressive Stress.

If a large compressive stress is incorporated,ie.
= £r_r =-200Nmm~^ (fig.21), c. f. cr =506llmm then this xxr yyr o

will augment the large, negative spherical component of 
applied contact stress, and encourage ductile flow.

Stresses within the surface layer of a ̂ circular contact 
patch (as is produced by crossed cylinders of similar 
radii and elasticities) were found by Hamilton and
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Scanning Micrographs of Electroplate.Fig.20a



Micrographs of nickel electroplate containing a negative

Stress-free nickel electroplate (see overleaf,too).Fig.20c
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Worn,

Worn nickel electroplate with large tensile stress.Fig.20d
FIG.20b-d. SPECIMENS FROM CROSSED- 

CYLINDER WEAR TESTS 
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: - Coordinate system used in 3-D contact 
problems which include friction.Fig*217
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G-oodman(83). For y=z=0, fig. 21;

azz

aX X

p.
a;IX
p,

p0
1-2V

23x*
1 - 2 v  

.2

xz rr  o
. i t 1 -x*

2 %1- u-x* ; 1 —X "

1- (1-x**)7 +2-0/1 -x•
o 3x*' v

Thus, a =  Ho^+q;,r+crJ 
■ a

/- x*(4+^) (16)

Up  x*v

XX yy z z

J
«.2= J(-2(1+ v ) V 1-x* -■&ux*( 1+v))

^0 7
It is easy to show that this has a maximum at x= ;----91

71 6-t/*
The maximum (most negative) spherical stresses are given 
in table 3 below and are summarised in fig.22a, for V =0*3.

Table 3. Most negative hydrostatic stress beneath a. 
Circular Contact Patch.

For the case of two identical 
cylinders pressed together,the

y u X *
Q~
P 1 0

0 . 0 -0*867
0*1 0*025 -0*867
0*2 0*050 -0*868
0 • 3 0*075 i o • CO VO

0*4 0* 100 -0*871
0*5 0*124 -0*873
0*6 0*148 -0*877

peak contact pressure p is
given by(7); PQ=0*616 2R

(18)
With the loading and geometry 
snecified earlier this gives;

2
p = *i086 Nmm’ o
O ’ = 944- Kmm

! a = 0*092 mmo
Together with the built in stress, a total spherical stress 
i's present of Cf = -1 210Fmm~2, ie. | ( J  &  2 • 4 O" . Thus, because 
such a large compressive stress is present, it might be 
expected that considerable ductility would result. This is 
supported by an examination of the micrographs (fig.20b) 
obtained by means of an S.E.M., where there is considerable 
evidence of plastic flow. Some material has flowed and. built
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up into lands supporting the load, whilst the unworn original 
appearance is visible between them.
B. No stress

It appears that there is very much less plastic flow 
in this case (fig.20c), and most of the cracks are parallel 
with the sliding direction. Some wear debris is to be seen, 
but the morphology represents ar; intermediate stage between 
the nlasticity and flow just described and the brittleness 
of the third class of failure.
0. Tensile Stress

-2Here, a. large tensile stress, ie. ^ xr“6^yr=+400Nmm 
had been built in, and the result is very considerable 
transverse cracking"(fig.20d), with few signs of ductility 
and some longitudinal cracks.

The point of largest tensile stress is at the centre 
of the trailing contact edge, ie.at x*=-1. If this is 
substituted into equations (16), the following relations 
are obtained;

+ /fe u +v) S a t = -  + § * v (19)
■k o ~0 '

r y  -j
At the same point, —  = gy^O + l5)

Po
The stresses present at x*=-1, forV=0'3 are given in 
fig.22fcand in table 4 below.

As can be seen, as the coefficient of friction increases 
the probability of transverse cracking increases, both 
because of the increasingly large tensile stress (T^ , and 
because the spherical component of stress becomes more 
tensile. For the case of the apparatus used, and with 
the quoted superimposed tensile stress, at the worst point
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Table 4. Tensile Stresses at the Trailing Hdge of
a Circular Sliding Contact

A. :r_xx
P1 o

° J J
Po Po

Tgxx
°yy

0 0 • 133 -0*133 0 -1
0*1 0 * 187 -0*122 0*022 -1 * 53
0*2 0-241 -0*108 0*043 -2*23
0*3 0*295 -0*100 0*064 -2*95
0* 4 0*348 -0*088 0*087 -3*95
0-5 0*402 -0*077 0 * 108 -5*22
0-6 0*456 -0*066 oKN —̂

 
«O -6*91

^==+336Nmm~^ ’̂ e# This, of course, is of the opposite
sign to the previous example, and the tensile environment 
will encourage cracking.

The extreme cases studied are likely to represent 
the regimes of wear only under very large locked in stresses. 
As one moves towards the zero stress condition each 
mechanism is likely to decay, though at zero stress enough 
may be present of each for particle detachment to occur 
simultaneously by both modes. This could explain why the 
wear rate was highest with little residual stress. The 
influence of locked in stress on apparent hardness has 
been mentioned as a complicating factor which is hard to 
quantify. Another factor is the influence of the hydro­
static stress component on the actual failure stress. 
Normally, for a metal, it is usual to assume that the 
yield stress is independent of average stress. However, 
for minerals, where failure is truly brittle, a measure 
of the average stress or ’confining pressure’ is included 
as in the Coulomb-Navier eouation (84)> which is seen as
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being a modified Tresca criterion;

T

wherej *  is the coefficient of internal friction.
Thus the hardness, v/hich is proportional to rCQ , might be
related to failure in a more complicated way. Kote, too,
that equation (20) represents the simplest possible variation
of failure stress with average stress, viz. a linear
dependence; many more complicated and arguably realistic
equations are given by Paul(82).

Lastly, the question of the persistence of the original
locked in stresses should be considered. Since the yield

po /condition for a circular contact patch is —  ̂ 2 *77, it
0 pois apparent that for the wearing pair used, where — =3*72

To
some initial yielding would occur, if no other stresses 
were present. Thus, subsequent loading -would experience 
the effect of residual stresses left by the first excursion 
into the plastic regime. This phenomenon is known as shake- 
down, and is treated more fully in chapter six. It might 
be expected that because of this the final equilibrium 
stress state would be independent of any initial residual 
stresses. In an ideal material this might be the case, 
but the different morphologies encountered here indicate 
that either the equilibrium stress state i s  dependent on 
the locked in stress or that the wear mechanism is deter­
mined by v;hat happens during the first few cycles before 
shakedown is complete. Jahanmir and auh(85) have pointed 
out that nucleation of wear cracks is possible during two 
or three wear passes, which indicates their importance.
Also, experiments by Pujita and foshida(86) in which the

v
6 0



direction of rolling contact in a fatigue test vas change 
after many cycles, causing a reduction in fatigue life, 
show the clear influence of self ^pn°r^ted stresses 021 
wear rate.

2.4 Contact and Residual Stresses-their Interdependence
In this section, the effect of superimposing a known 

stress field on three types of contact'loading is discussed 
First, the influence of residual stresses on a rolling ball 
such as in a ball bearing, will be examined. The stresses 
on the axis of symmetry for such an arrangement are given 
by, inter alios, Huber(87):

O n  _ CrB0 = | 1 _ z#tan-1/1 \)+ i  1
■D “ t) ~ V [ f t *  2 2O O I J) 1+Z*

Ozz (2 1)
Po 1+Z* 2

in cylindrical coordinates. These stresses are shown in 
fig. 23; note that they are all negative, a.nd that ®~z z  

has the largest absolute value. Since it is not possible 
to place a uniform residual stress in the ^-direction, 
because equilibrium with the free surface cannot be main­
tained, the only way to reduce the stress difference is to
place extra compressive stresses in the r~ 0 plane, ie.{
parallel to the surface. This may be most easily seen by 
applying von Ivlises’ criterion (note that von Mises’ 
criterion and Treca's criterion are equivalent under 
cylindrical stress conditions). From Jaeger(84);

J2= Z dcrrr-c£p2Uo-z-q;h+(o;e -c^)2 )
O 9+W  + h z -+rzr.-

= 5 toi-r-Cgp2 (22)
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and von Wises criterion is;

3. t is apparent from equation (22) that to minimise OV, the 
stress difference must be minimised. Fig. 24 shows the 
usual variation of stresses within a deposit, for the case 
of a compressively stressed deposit. Rote that the initial 
layers are tensile, but that a compressive regime is soon 
entered (the nomenclature is consistent with equations 
13—15). To match such a stress system with that of spherical
contact, it is clear that the most compressive stress, ie.

2at t = ^should coincide with the worst Hertzian stresses, 
which are at a depth of z* =0*481. However, in many practical 
cases such an optimization would not seem to be worthwhile, 
for two reasons; first, the magnitude of stresses normally 
involved in a contact problem means that the small extra 
gain would be insignificant, and, secondly, the closeness 
of the highly deleterious interfacial tensile stress to 
the worst Hertzian stresses would not be desirable, never­
theless, there are several cases of lightly loaded contacts 
such as relay or switch contacts where such an optimization 
would probably be beneficial. In figs.25,26 are shown the 
stress parameters on the axis for a heavy load and for a 
light load: details of loading are given with .the figures. 
Also shown in these figures is 'Sine’s Criterion’. This 
is an attempt to determine the fatigue limit for a circular 
contact using classical fatigue techniques. There are very
few fatigue criteria which can cope with the effects of

1
triaxial loading and non-zero average stress. Such criteria 
were reviewed by Toor(88) and the one chosen for this 
investigation is also given in Dieter(89). it is quoted in

64



the latter, and may easily be re-written in terms of stress 
invariants as;

J J j  CT - I P -  I { 2 4 )
11 -A lts  1

Its similarity with von Mises’ criterion and the. G-oodman 
diagram is evident. Consider one of the principal directions. 
Its stress history is shown in fig.27."The mean.stress is 
taken as the residual stress plus half of the contact 
stress, and the magnitude of the fully reversing stress is 
given by the contact stress alone. Thus 1^ is referred to 
OL+ i  O'. . and Jp is referred to err., 0“. . being a typical

X. J-J C. J. J J. J

contact stress component. The variable plotted on the
graphs is;

/ — 7 0 > v
J  3Jo + --- I-, where Oh-, and CT for nickelV 2 ô -bs 1 fl uts

are substituted.
Failure is therefore predicted when this parameter reaches 
+0^. From the results it is clear that no ball-bearing 
should eve.r fail! This illustrates the difficulties mentioned 
in chapter one, because the criterion characterises opening 
and not shear type crack growth.

The beneficial effect of compressive stress is obvious 
from the diagrams, as is the deleterious effect of the more 
usual tensile stress (90). Surprisingly, in spite of the 
large interfacial tensile stress, failure there is rare, 
probably because the interface is reputedly stronger than 
either the substrate or the electroplate, for a large range 
of materials (91). Some consideration will now be given to 
the development of the yielded zone beneath a rolling pair.

The previously quoted equations (8),due to Beliaev, 
describe the elastic stress field between two rollers 
pressed together without friction. However, providing that
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the elastic limit is not greatly exceeded, it is acceptable 
to use the same equations to describe the elasto-plastic 
strain field, since the elastic region confines the plastic 
zone, and dominates the solution.The stresses in the elastic 
portion are then given by Hooke’s law, and the elastic- 
plastic boundary corresponds to von Iviises criterion. Hot- 
withstanding any shakedown which may occur, the presence
_ 5oi any pre-existing stres.es within the surface layers shouldA.

control the size of the plastic zone and hence limit the 
amount of damage incurred. The development of the yielded 
zone is shown in fig.28. The principal difference between 
shakedown and pre-imposed static stresses is that the first 
case results in a differing residual stress in the x and 
y directions (fig.3) whereas .the second case is limited to 
a cylindrical residual stress system, ie.CT. =CT1 Fig.29

- . „ X X X  y  Jr X

illustrates the beneficial effects to be gained by using a 
thick layer of compressively stressed material, for the 
reduction in size of the plastic zone is apparent. Two 
pitfalls to be avoided, however are;
a. If the beneficial effect of the residual stress is 
removed too soon, the region of plasticity actually becomes 
larger. The depth of pre-stressed zone must be at least

iequal to the depth of plasticity in its absence. A layer 
which is slightly too thin results in a pair of plastic 
zones thinly separated by an elastic layer, fig.30.
b. If a very large compressive stress is applied, fig.31, 
then material may actually start to yield in the opposite 
direction,ie. Q"xx,c^y <^o^z. The very large compressive 
stresses found in ion-plated samples (92) would not seem, 
by themselves, to be beneficial.
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As was to be expected, tensile stresses have an adverse 
effect, fig.32. The optimum value of compressive stress to 
apply depends on the load and material yield stress; its 
value is derived as a by-product of shakedown calculations 
in chapter six.

A sliding cylinder will now be bpiefly examined. The 
solution for the elastic stresses generated is due to Smith 
and Liu(,93) and is also treated by Poritsky(94) . Using the 
coordinate system of fig. 3 with a tractive force of value 
p.ju, acting in the positive y direction, one obtains the 
following;
.Defining, = (1+x*)2+z*2

K* = (1-x*)2+z*2

11= Ef / f l  It/i f  + / f l A i !

Then ^  i  (1 ) (f = ) • (25)

And;
(1 + 2 x * 2+ 2 z * 2 ) -  3 x * ( U ]

’p/ujj£' ( 1 ~x*^'~z*^) 2x* + 2 ttx*  + ( 2 x * 2- 2 - 3 z K' 2))dj

= ~5t{z* ["̂  ~x* z*2 ̂ )

= - “ | z*^^ y ^ 1 + 2 x * ?+2z*2)z*~2uz* - 3
i

q- = v (o~ +cr ) £ = r = T =ou zz vwxx ^ry zz xy yz

The optimum value of residual stress, to reduce 
plasticity to a minimum, was added, for various coefficients 
of friction, and the results are shown in fig.33. The loads 
chosen are the shakedown limits, ie. the load which would 
eventually just shakedown and cause the plasticity zones 
to condense at discrete points. As can be seen, pre-existing
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——
See overleaf for details, fig.3?,a-c.
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Plasticity zones for sliding cylinder, full slip. The tractive 
force is acting to the right (+ve direction), and the load 
applied in each case is at -the shakedown limit. In the 
photographs k is the yield in pure shear (elsewhere <V Q), 
and the plasticity zones shown are those occurring on the 
first pass, ie. before shakedown. The zone marked with a 
"x" is in a stress-free material, and the zone marked ”0” 
is in material containing the optimum cylindrical residual 
stress. Von Mises’ criterion is used throughout.
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”cylindrical" residual stresses can reduce significantly 
the amount of plasticity, though shakedown cannot be 
achieved according to von Mises1 criterion (which would 
require two independently variable stresses).Note,too, the 
way a second region of plasticity develops at the surface 
for high coefficients of friction.

finally in this chapter, the subsurface stresses 
found within the substrate of a plated material will be 
considered, fig.34 shows the cylindrical test pieces 
used in the wear tests. If the deposit annulus is imagined 
detached from the substrate and is under plane stress 
conditions, providing R^R! , t-'t’ , R^>t the thin tube 
calculation may be employed, from symmetry, there can be 
no interfacial shear. Let the mean electrodeposit stress
b e d =  1 Jt crri.at
Then, for equilibrium, 2R 2tCT

ie- = <26>

Thus the stress within the substrate for this configuration 
is negligible.

Nov/ that a bulk interpretation of the sliding wear 
experiments has been presented, a detailed model of 
delamination using fracture mechanics will be attempted.



3. Fracture Mechanics and Wear 
3.1 Justifying the use of Fracture Mechanics

A semi-ouantitative argument has just been provided 
to explain the different surface morphologies found.
However, so far no argument has been provided to explain 
why wear fragments are often in the form of thin, flat 
plates rather than, say, equi-axed lumps. The early 
dislocation explanations of delaminatio.n (9) have largely- 
been retracted in recent years, for several reasons;
A. There has never been any direct evidence for the exist­
ence of a low dislocation density zone.
B. Any calculation .of the thickness of such a zone shows 
it to be very ill-defined.
C. A dislocation explanation leads to the conclusion that 
the wear plate thickness is material dependent but is 
independent of load. This is not found in practice (96), 
nor is independence from locked~in stresses confirmed.
Bates et al (97) published comments supporting reason (B) 
and proposed deducing wear debris shapes using applied 
mechanics. Beagley (98) comments that the wear-sheet 
separation problem would be best treated by crack mechanics 
and initiation by examining the stress-raising effect of 
inclusions. He also points to difficulties in estimating
a dislocation free zone when the surface is oxidised or 
glazed. In view of these objections Suh presented a. revised 
explanation (99), using the physics of crack growth in a 
continuum as his starting point. From there, three steps 
are needed to establish wear estimates from basic quantities 
A, First, a means of nucleating cracks is required.
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B. When a well-developed crack is present, it is propelled 
by the applied load. The stress intensification factor 
enables the crack growth rate to be estimated in terms of 
the loading.
G. Eventually, the crack turns upwards to appear at the 
surface causing a wear particle to detach. Criteria must 
be found to determine when a crack turns, and also how 
many cracks are growing at any one time, so that the 
wear volume can be found.

The literature illustrating the importance of fracture 
mechanics in wear has been reviewed in chapter one. Direct 
justification for using fracture mechanics is difficult to 
find, but several established wear relations give the same 
dependence on load and coefficient of friction. It is 
approximately true that the S.I.P. for .mode II crack loading 
is proportional to the local shear stress in the absence 
of the crack. Also, the crack growth rate can be related 
to the S.I.P. by using Paris’ fatigue equation. Whilst, 
strictly speaking, in its present form it relates to mode 
I loading, it is expected to be valid for mode II growth;

§§ « A K m (27)

where t K is the range of S.I.P. and N is the number of 
load cycles through "which the crack has passed. The constant 
m lies in the range 2*5 to 4 for metals and for steel is 
about 3. It will be assumed that wear rate is proportional 
to crack growth rate. With these premises, several wear 
equations are reviewed;
A. Suh and Sridharan (100) and Mitchell and Osgood (101) 
have shown that wear rate is often proportional to the 
coefficient of friction. Kow, the shear stress at any point



beneath a sliding contact is given by;
T   ̂ crV P( a+/M) max ^  v 7 '

where the proportionality ’a’ is associated with normal
loading. For many cases, it is true that a <<cy-a , giving;

or  ̂ o{ a- v max y

However, as stated above 
Q" max 9<f A K

JLThus h K  ̂  3
and 4# m2>.AdN ^ V

so that, for steel at any rate, wear rate is roughly 
proportional to friction coefficient, providing that it 
is not negligible.
B. The I.B.M. wear model (102) has two components-the 
’Zero Wear Model1, where zero wear is defined as a wear 
depth comparable with the surface finish, and the ’Measurable 
Wear Model’. The latter is rather complicated, but zero 
wear conditions for various durations are inversely 
proportional to Now, under Hertzian loading, with or

PI S I X*2 *2 
without f r i c t i o n , P ,  so that wear rate<xP accordingIII EtyL

to the l.B.M. model, under geometrically similar conditions* 
Because of the imposition of geometrical similarity, no 
allowance should be made for the changing contact width, 
and hence the simplified proportionality results of

, and p c* p. Sustituting into the Paris equation;ill cLX. U  O

Wear rate ^  (P)m 
so that again wear,rate is roughly proportional to the cube 
of the load.
0. Palmgren, when discussing the life of rolling elements 
(103), suggested that wear rate was proportional to the

v
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cube of the load, supporting the above1law1.

More direct justification was sought by Fleming and 
Suh (104) who conducted crossed-cylinder wear tests using 
two aluminium alloys with widely differing Paris exponents. 
They recognised that, because other physical properties 
were inevitably different, the tests conld not be conclusive. 
It was nevertheless verified that under conditions of 
equivalent loading (ie. when'normalised by the yield stress) 
the alloy with the larger 1 m ’ value wore more quickly.

This suggested a simpler experiment which would be . 
more reliable, viz. performing crossed cylinder tests using 
different loads, but the same pair of wearing materials. 
Providing that there are no discontinuities in the wear 
rate graphs, indicating the formation of stable oxides, it 
would be reasonable to assume that only the stress intensi­
fication factor being generated would change. The S.I.F. 
is also some complicated function of crack length, and so 
would depend on the contact radius. Therefore, the contact 
radius was kept constant, by changing the radius of the 
cylinder. The following proportionalities exist;

Thus, for the tests, the product P.R was kept constant.
Therefore: p ^  dc^ pmpo r p0<x L raax r

If wear were a propagation controlled fracture problem it
would be expected that, with the constant contact patch
provided; -

wear rate c* pn and n=m
* **•

The results of one set of tests for nickel electroplate 
are shown in fig.35, and the results of these and other 
tests using different materials are summarised in fig.36.
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It was encouraging to find that the wear results did obey 
a power lav/ approximately, hut transferring the values onto 
a plot of m versus n (fig.17) was less conclusive. The 
lower than expected value of n suggests a lower wear rate 
than anticipated at high loads, which might he attributed 
to greater oxidation due to frictional heating. All experi­
ments were in the mild regime, including steel on steel.

• In spite of the lack of a really positive result from 
the last mentioned experiment, it was decided to proceed 
with a fracture mechanics analysis. An introduction to the 
problem of determining S.I.P.'s is now given.

3.2. The Determination of Stress Intensification Factors
Some of the basic notions of fracture mechanics have 

been presented in section 1.4, and these will now be dis­
cussed more rigorously. Texts on fracture mechanics include 
Hertzberg, which deals with all aspects of the subject 
including'metallography(103). Knott(106) treats post yield 
aspects fully as well as providing an introduction, whilst 
Broek(107) looks at fracture mainly fom the mechanics view­
point. Lawn and Wilshaw( 108) deal with truly brittle 
ma.terials, and therefore treats fracture mainly from an 
energy(consideration, but it seems unique in attempting also 
a discussion of cra.ck initiation. Introductory -papers 
have been published by, inter alios, Knott(109), Rolfe(110) 
and Hayes(111,112).

The complete inadequacy of classical failure criteria 
to determine the brittle failure stress „of a material 
(maximum principal tensile stress or strain, maximum 
distortion energy &c.) necessitated the development of a. 
new technique. It was well known that the stress-raising
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effect of notches and holes often leads to the growth of 
cracks, hut it was not possible, using the elastic stress 
concentration factor, to predict what would happen when a 
defect became infinitely sharp, because the apparent stress 
concentration factor was always infinite. A different 
ouantity which overcame this difficulty was the stress 
intensification factor, which characterised the stress 
field at the crack tip: it is known from analysis that 
the product of stress and strain at a perfectly sharp 
crack undergoes a singularity of tine type;

cr .. e . .(X 1 (28)in 10 r
where r is the distance from the crack tip.This equation
is true whatever the constitutive relation of the material.
For an elastic material, where CT ^  £. ., eauation (28)Id J
may be re-written as;

<5 a v / r b  ^
where K is.the S.I.F. and ® polar coordinate measured 
from the crack centreline a.wray from the crack. Note that 
there is an angular dependence experienced by the stresses 
and that the singularity predicted by the e.s.c.f. is 
preserved. The stress field within a cracked body may be 
separated into three regions, each with a different 
governing equation, fig. 38;
A. Far away from the crack, its effect is negligible, and 
the stresses present are those which wrould have been found 
within an uncracked body. This is to be expected from St. 
Venants’s theorem.

"4*
33. A small distance from the crack (0• 1 c<Cr<L5c, say) 
the variation of the stresses is completely independent 
of the rest of the component, in as much as they vary



according to eauation (29). Thus, it is only the magnitude 
of stresses which is governed by the boundary conditions, 
within this region.
0. Because of the predicted singularity, there is a critical 
radius, r , where the yield criterion is exceeded. The1r
exact nature of stresses and strains for r <jr is still

i r

unknown, as in most elasto-plastic problems, but there is 
certainly some blunting of the crack tip.

Providing that the plastic radius, r^, remains much, 
less than the crack half-length ( r p < O 05c, say), even at 
fracture, then the material behaviour at the crack tip 
will be governed entirely by zone ’ B ’ ,ie. the sing:ular 
elastic stress field will dominate, and the S.I.P. controls 
fracture. This is the key stipulation of linear elastic 
fracture mechanics (l.e.f.m.) and no account need be taken 
of the tiny zone of plasticity. If the plastic zone is 
significant in size compared with the crack, various 
approximations and adjustments need to be made, to allow 
for the yielding. The greater the yielding the greater 
the problems encountered, until finally with very tough 
materials yielding precedes fracture. Post yield fracture 
mechanics is needed to treat such problems (113); and for

Ithe time being this difficult subject will be avoided.
For simple configurations, the stress intensification 

factor can often be written in the form;
K-j. = mCT/nV (30)

where C  is the nominal distant stress and m is some 
modifying constant, to allow the exact "fconfiguration to be 
taken into account,eg. edge-cracked Plate, centre-cracked 
plate of finite width &c.. A compendium of these end more
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difficult results was published by Rooke and Cartwright 
(114). However, in the case of a wearing half-space the 
configuration is too awkward for any of the standard results 
to be adopted, and so the following methods, as reviewed by 
Cartwright and Rooke(115), were considered;
A. Stress Functions

Westergaard(116) derived a real (Airy) stress function 
which shows the correct singularity and may be matched to 
some simple boundary conditions, muskheiishvili(117) uses 
a complex stress function and a complex stress intensific­
ation factor Kj-iKj^.. Conformal mapping may be used to map 
the crack into a circular hole, and the method has the 
advantage that under combined mode loading both S.I.FIs 
may be determined at once. An extension to the modes I 
and III plane is possible.
B. Boundary collocation

By expressing the stress function of (A) as a finite 
series a set of simultaneous equations may be established 
relating the terms of the series to the boundary conditions 
known. Since the number of terms commonly used is limited, 
a perfect fit of the boundary conditions is often not 
possible and so a least squares fit may be needed, giving 
rise to! the term’collocation’. A common series from which, 
to begin collocation is that expressed by Williamsin polar 
coordinates (118).
C. Stress Concentrations

By taking the limit of the' stress concentration factor 
carefully it is sometimes possible to deiive the correspond­
ing S.I.F.
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D. Green's Functions
Certain Green’s functions,or weighting functions, are 

known exactly for point loads applied to the faces of 
cracks. For instance, a pair of self-eauilibrating point 
loads, Q, applied a distance x from the centre of a crack 
in an infinite body give rise to an S.I.F. at the tip 
x=c of;

This technique has been the topic of a recent paper*by 
Car tv/right and Rooke(1l9).
E. Dislocation Models

These take the form of arrays of dislocations, arranged 
so that the sum of the Burger’s vectors matches the dis­
placement at the crack tip. Also, the elastic stress field 
is in equilibrium with the stress field which would exist 
in the crackfe absence, so that overall equilibrium is 
maintained. There is no general method available to apply 
this method.
F. Finite Elements

A large net of elements may be used to model the 
component including the crack, and the S.I.F. deduced by 
examining the local stress or strain gradient, or using 
an energy method, base on Rice’s J-integral(120). These 
techniques were evaluated by Shaw(121) who also developed 
a special crack tip element which shows the correct 
singularity.

i
(31)

.Hence a distributed pressure, p(x), across the crack face
would give rise jo an S.I.F. of;

c+x (32)
c
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Plastic models made from an optically active material 
may be used in a polariscope to find the S.I.P., again by 
examining the local stress gradient. This has the advantage 
that under combined mode loading and may be separated

Returning to the case of a subsurface crack beneath 
a wearing half-space, methods A and E are inappropriate 
owing to the mathematical complexity of the solutions. 
Methods 0 and E were thought to be out of the question 
because of the extraordinary loading conditions where these 
techniques behave badly. At the time, a sufficiently large 
computer was not available for P nor was a polariscope 
for method G (ohotoelastic methods may also have presented 
some problems in making the crack). A technique was there­
fore developed based on Green’s functions. Although the 
method is suitable in detail only for the wear problem, 
the general technique adopted could be used to determine
S.I.P.’s under many awkward load conditions. The accuracy 
achieved is believed to be disproportionately high to the 
computing power needed, compared with, say, the finite 
element method.
3.3 Deriving S.1.P.’s for the Wear Problem

Pig.39 shows the wearing half-space with some arbitary 
loading app'lied to it by the second, sliding body. Whether 
the shear tractions are applie-dr by an adhesive or abrasive 
mechanism is unimportant, as, for the time being, is the 
scale of the diagram. The width of applied load,w, could 
be the entire apparent contact patch or it coul.d be on the 
scale of a single asperity.
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Initially, the assumrtion will be made that for the 
crack to grow at all it must be open. Consider fig.40 
which shows an inclined line load applied to a half-space. 
The resulting stresses were found by Clamant and are(122);

'1  = cos (<* + ©) <X*=0rr r̂r ££*
so that; p op ,

q cx=-rrc°n e= - ~  cos-p cos (*?+*)
n  O  T >  O

^y=^rrsin ^  sin $cos#cos(£ + *) (33)
2p , pT xy^~rrsinecos0= -  sinpcos c?cos(£ + *)

Thus, for the crack to grow it must be located so 
that O^>0,ie. cos(0+<*)-<O or 0 ^  pf — =K . For the simple 
line load configuration the crack must therefore lie in the 
wake of the load, behind a line perpendicular to its line 
of action. Returning to the more general load arrangement,• 
(fig.39); an exact evaluation of the tension/compression 
interface depends on the surface pressue'distribution, 
but it is approximately perpendicular to the inclination 
of the load. Therefore a crack passing beneath the load 
experiences compression for most of the time, and a brief 
period of opening when the load has passed over. Note that 
as the coefficient of friction tends to zero so the tension 
zone vanishes. Hence a crack beneath a rolling load will 
never open.

The method to be used to find the stress intensifi­
cation factors is the 'pseudo-stress' method. First, the 
stresses within the wearing half-space are found due to 
the applied surface, loads, in the absence of the crack. A 
crack is then inserted at the desired Id/cation, so that 
boundary conditions at the crack face are no longer satis­
fied. A set of forces is applied to the crack faces to
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restore equilibrium,ie. to clear the crack faces of all 
stresses. These same loads applied to the crack face may 
also be used to determine the S.i.P.’s, using the approp­
riate Green’s functions. Por a. crack within an infinite 
body, and having normal and shear loads applied, these 
are (123);

Note, though, that the exact solution has not been found. 
This is because the Green’s functions are for an infinite 
solid, and so the application of forces to the crack faces 
will give’ rise to non-zero stresses on the surface of the 
half-space. Such stresses are clearly not in eauilibrium 
with the free surface, though Suh(32) accepted the solution 
just described without modification. Par below the surface 
this is valid, since the applied pairs of forces on the 
crack faces are self-equilibrating, and thus their long- 
range effect is negligible.

Since the purpose of the study is to investigate cracks 
near the surface, a better approximation is desirable.
Pig.42 shows the cpack within the wearing half-space, and 
under the action of the loads applied to the crack faces.
What are required are the stresses (Xv(0,y), (Tr.r(0,y)ixx yy
l/“k,r(0,y) which would exist -if the crack lay in an infinite L xy

(34)

under plane strain conditions.See fig.41. 
So that, if P = 0^x -(iy and Q = Txy-dy

(35)
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body. Then, by applying nev; 'pressures' -Ol„(0,y) and
- 0, y) equilibrium would be restored. A new pseudo-xy
stress field within the half space (x^O) would be 
generated, and this would give rise to further unequilib­
rated stresses on the crack faces, hew forces would need 
to be applied to the crack giving an extra contribution 
to the S.I.F.'s and further out of balance forces on the 
surface x=0. By repeating the method several times a 
converging solution would be obtained.

Solving the nroblem posed in fig. 42 was not easy, and 
no solutions were found in the literature. Consider first 
a pair of normal forces,?, fig.43a. Since equal and opposite 
forces are applied, there can be no lateral displacement 
along the lines A-A and A ’-A', from symmetry. Thus the 
cracked space could be replaced with the upper half-space 
of fig.43b with roller constraints along the boundary out­
side the limits of the crack. Further reduction is not 
possible because in general the distribution of the forces 
P along the crack will not be symmetrical. Consider, now, 
a pair of self-equilibrating shear loads, Q, fig.43c.
Suppose that along the crack axis, at some general point 
remote from the crack, there is a finite displacement, 33.
Mow rotate the plane of the crack through 180° about the 
crack axis. If the direction of the forces Q is reversed 
the problem is identical. However, to preserve an equi-r
valent displacement, B, this too would have to be turned 
through 180° so that- it faced in the opposite direction.
The displacement 3 must therefore be zero, and the cracked
space may be replaced by the upper half-spa.ce constrained
as in fig.43d.
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Solutions to the mixed boundary value problem of fig. 43b, d 
are known (see Tiffin(124)), but are difficult to under­
stand. Since other aspects of the calculation necessitated 
the use of a computer, an alternative numerical method was 
found. A freely deforming half space is adopted with loads 
applied either side the crack position, to ensure that 
displacement at such nositions are zero. By Xirchoff’s 
Uniqueness theorem, the set of forces found must be those 
which would have existed in a constrained half space, and 
so the solutions are identical, within the continuum. The 
tangential and normal loading cases are treated separately 
but in an entirely analogous manner. First it is necessary 
to find the influence coefficients, ie. the displacements 
of remote points of the boundary, due to the application 
of a unit load. For a normal load, the solution is given 
by Timoshenko and Goodier^125). In the notation of fig.44;

h  +1

p  71* E

The deformation of a tangentialiy loaded half space may 
be obtained in an analogous manner. First the deformation 
due to a line load is required, fig.45.

i pp
^ r r = ~ t o  c o s Q

Then; £ __ b_u _ 2P cos9
rr“ Z t  7 ttE r 

£ U "d V _̂ ) 2P cos (9
c ©a r r^© 7 T E  r (37)
v _ ^ u , W  v n

r e  Z y r “
Thus; u = - H  cosi 9log r + f(S)

=; sin& + 7§ log r - I f(<9)d0+ F(r)V  =

where f ( 8 ) and F(r) are arbitary functions of integration.
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Differentiaing equations (36) pives;
1  U  2 P  . n ,  « i / A \
ST = ?FS S3n0log r  + f'(<5)

- ££ sin6 , ir.fr')ttE r + i v1 /

Substituting these equations into the last of equations 
(37) gives;

jffrlog r sin + f(S)+ || + p>(r) - 0 2

" H  -in5 + 5 f(<9)d0- = 0
■j

Therefore; f(g)= — ^  ~l).P Osin 6 +Asin 0  -fBcos <9^p(r ) = C.r 
Sustituting these back into (36) gives; 
u = ~ iP? cosfllog r - Q sin^ + A sin$ + B cos0

v = It I sing> + H  log r sin0 _ ^ r - ^ 0 c o s 0  + sint
+ A cos9 - B sin0 +C.r 

Suitable boundary conditions must be found to eliminate 
A , B , C :

I . At r=d, D -  —r , u = v = 0
• A  -• * 2E
B-C.d= + v + 21og dj

II. Erom a consideration of antisymmetry it is clear that:

U|0=:?r <
CD 11 o

r + B )2P n 
rrJ5 r - B 1

A + G.r "I
(i - y J  p■R A + C.rJ

= v

ie. u(0) o . u &  - r  i g o  ^ i e  condition
u^V) - —  j Is always satisfied

v(0)
this gives the same value 

v lp r )  -  ■ - A + C.rJ of A as above
III. Lastly, examine the slope as r — «— o&. This should tend
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l’hus; -u|e=<lr= u|6=Q = | E 1̂ + V + 2 log(§;)
P(1-V)

Y\q = ?t v)9 =0 ~ 7T E 
Everything is consistent except the deflexion at the 
origin, which is double-valued. This is to be expected at 
a singularity. The deflexions due to distributed loads 
may now be found. In the notation of fig.44 again; 

i f  rs+h A rs+h 3
F  = *5} 2Jslog(?)d:c +JsI 1 + '',)drj
in 1 ( rh</2 * rh//2 'i
JT = 5rl| d o 105^  dr + 2)0(1 + Vjdr|

where p ’ is now the distributed shear ’pressure’.

g j2 l o g ( f ) +  3 +
ie .

S i x  jp
p'

|t = TVS | 2 { \ h + s ) l o g ( ^ - S 108(f)] + h(3+v)j
(40

The similarity between equations (36) and (40) is clear.
A plot of values from these equations, indicating their 
gradual decrease with distance, is shown in fig.46 for 
d/h = 100 (values are also tabulated in table 5). It is 
evident that for a very accurate solution, boundary 
condition matching is necessary for a large distance 
either side the crack.

Consider now the half space of fig.47, and the loads 
applied to it. It represents a section through the crack
centreline and the material above it, and the loads may 
represent either normal or tangential forces. The displace­
ment at the first station is given by;

NQ~f~i'j 2̂ >i + * * • « .j c>  ̂ .... -kq S22~-P̂ ° 'q~“ * * * * ̂ 7 ̂ 14  ̂ ^
where Ik , are the applied loads and are the influence 
coefficients. Similarly, at the second station;

N.j S  ^ +^2^0+ * * * ̂ 8^6+ "̂ 1^1 4+ * * * ‘̂ 8^21 1^7~* * ’ 3=^ ( )
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Table 5. List of Influence Coefficients for the Deformation 
of an elastic half-space under normal and shear loads.

- A  A  A  A

f  f ^ ) sh e a r normal ™ ^~~)shear (~~)normal

0 13*90 11*30 7 6 62 4*02

1 10*60 8 * GO 8 6 35 3*75
2 9*14 6*55 9 6 12 3*52

3 8*32 5*72 10 5 91 3 * 31

4. 7*74 5.14 11 5 CvJ CvJ•K\

5 7*30 4*70 12 5 54 2-94
6 6*93 4 * 33 13 5 38 ro • -j 00

By continuing in this way it is possible to generate 
16 simultaneous equations in the 16 unknowns N^-Ng and 
NJj-NL. To facilitate solution, the equations may conven­
iently be written in matrix form. Letf^Jbe the symmetric 
matrix of influence coefficients, and / kj the matrix of 
unknown loads. Let [Bj be the column vector of known loads 

and influence coefficients Q~h-2^S+t * * * 1̂ 4

Then; ■

Solving; ■ f  k) = [a] ~ 1  [b] (44)
Note thatrA]"""* is a constant matrix and, once found, may 
be stored for use in each iteration cycle. All these 
equations apply equally to normal and tangential loads; 
it is necessary simply to use the correct set of influence 
coefficients.

The complete stress field above the crack may now be 
determined. This was, done by using the Plamant solution 
(equations 33) for each load, both on the., crack face and 
either side, and superimposing the results. Consequently, 
non-zero stresses appeared along the surfa.ce of the wearing
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a. Mode I stress Intensification Factors

b. Mode II stress Intensification Factors
The photographs are of models of the variation of

S.I.F. with position for a single crack inserted within a 
an elastic half space. The base of a model represents a 
vertical section, and values are shown for the region in 
the wake of the applied line load. The crack half length 
is 1/<m. Fig.48.
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half-space. At a number of points in the neighbourhood of 
the crack, on the surfsce, a set of eoually spaces stations 
was chosen and corresponding array space allocated in the 
computer. The unsatisfied stress appearing at each station 
was noted, and an eoual, opposite pressure applied. Thus 
the boundary conditions were again satisfied. A new pseudo­
stress field was determined, again by superposition of the 
FIamant solution. Using the appropriate.Green 1s function 
the extra contributions to the S.I.lb were found. The 
process was repeated until convergence oceuned. Because 
the iterative process reauired identical steps, after the 
determination of the inital stress field, it lent itself 
very well to machine computation. All work was carried out 
on a mini-computer having only about 8k of usable core, but 
with a large backing store. The technique just presented 
was the subject of a paper (126).

In fig.48 is shown the variation of modes I and II
S.I.F. within the tensile region, for an applied line load. 
The largest S.I.F. is attained, as might expected, at or 
near the surface. For the same configuration, fig.49 shows 
the rate of convergence upon the final value, which is 
achieved almost immediately for mode II and within 5 
iterations for mode I. A small improvement which was made 
was to improve the numerical integration of Green’s func­
tions. This was originally done simply by a piecewise- 
step process, but, because of the large contribution of 
forces applied near, the ends of the crack (b-~c, eon.34) , 
some smoothing was indicated. The assumption that crack 
loads fall continuously to zero at the ends enables the 
Repeated Simpson’s-Rule to be written in a slightly mod-
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ified form, which is particularly convenient for computation;

where y^is the product of the ith load and Green's function.
The effect of this improvement is shown for one particular 
configuration in fig.50.

Calculations were also performed using a uniformly 
distributed load. This might be looked upon as the load 
applied (in two dimensions) by a plastically deformed 
asperity, or by two contacting surfaces where the surface 
roughness was not negligible in comparison with the contact 
width (16). Pig.51 and fig.52 show the rather poorer con­
vergence experienced, and the S.I.P. as a function of crack 
half-length for one ptarticluar configuration. Pig. 53 attempts 
to summarise the effect of crack length and depth upon
S.I.P., for one particular coefficient of friction. Calcul­
ations were.also performed using Hertzian loading conditions. 
The results of these wall be presented in the next chapter 
when the behaviour of a crack within the compression region 
has been determined.

Conclusions which may be dravrn so far are;
A. The result of including the effect of the free surface
is to increase the magnitude of the S.I.P.. Thus, the nearer 
to the surface a crack lies, the greater will be the correction
B. With the two loading arrangements so far considered, the 
maximum a.i.P. is at or near the surface. This is largely
a feature of the pseudo-stress field assumed.
C. The solution described provides fairly rapid convergence, 
though, because of the small computer used, computing time 
was very long (about 3 mins, per iteration). It would have 
been impossible to obtain any finite element solution on

(45)

such a machine
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4. Extensions of the .Fracture Problem

4.1 Greeks under Compression
In the previous chapter the tentative assumption was 

made that cracks grow only when opened, ie. when there is
a tensile component of stress normal to the crack faces.
In order to have a significant period of opening, and there­
fore of mode 1 loading, it is necessary to assume very large 
coeffiients of friction- coefficients of the order of unity, 
which cannot realistically he expected to occur over the 
entire contact patch. Further, as the tractive loading 
component vanishes there becomes no region at all where a 
subsurface crack may be held open whilst a shear traction 
is applied. Such a~ loading arrangement { as found in any- 
bearing) would apparently cause no wear, Because of these 
unrealistic conclusions the shear available to propel a 
crack was investigated more carefully. Fig.54 shows a 
closed crack under the compressive action of a normal stress 
(Jxx, and also loaded by a shear stress rTxy* 1 f coeff­
icient of friction between the crack faces isly Kc> then the
crack might as well not exist if;

However, if this criterion is exceeded there is an excess 
shear stress which cannot be sfilsfied by frictional forces, 
and this wall contribute to mode II loading of the crack 
tips. The nett shear available to propel the crack is given

The derivation of this nett shear stress is illustrated
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Crack under compression and shear. Fig.54.
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for a uniformly distributed load in fig.55. It should be 
noted that for the case shown the coefficient of friction 
between the crack faces was assumed to be very much greater 
than the coefficient of friction at the surface, and this 
gave rise to the rather small snear stresses shown. It 
should nevertheless be recognised that „the shear stress 
available in the compression region is rather greater than 
that in the tension zone. A comparison -e-f—  
of the propelling shear stress at various depths is shown 
in fig.56, which shows the greater importance of the shear- 
under-compression zone at all depths. aIso to be noted in 
fig. 55 is the sma.ll zone of reversed shear under compress­
ion. This is not present at small depths, but further with­
in the material this too may be important (fig.57). Thus, 
as the slider passes over a crack, it experiences up to 
four regimes;
A. forward shear umder compressive normal loading.
B. "Locking”, where all shear is carried by frictional 
forces, and there is no relative motion between crack faces.
C. Reversed shear under compression. This does not occur
near the surface, where the clamping stress is too large,
and should not be important owing to its small magnitude.
D. Brea forward shear, which is always in the wake of the 
rider and accompanied by mode I loading.

The shear stress available to propel a crack under a 
variety of surface and crack coefficients of friction is 
shown in fig5S, again for a uniformly distributed load.

Using these results and the iterative technique described 
in chapter three, the complete S. 1.1’. field for a uniformly 
distributed load was determined, and is shown in fig.5S.
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normalised by 
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normalised by 
contact half- 
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tallest peak 
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coefficient of 
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faces, and 
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The zone of 
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right is not 
under compre­
ssion .

More distributions of ne tt shear for uniform load. Fig. 58
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Model of m odel! S.I.F. s for uniform  load .F ig .59
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As can be seen, for this case, the two shear zones are of 
approximately eoual importance.Also, they act in the same 
{ forwrard) • direction. A summary of maximum mode II S.I.F. 4

values in the compression zone is shown in fig. 60.
Because of the severe state of stress produced near 

the ends of a uniform load distribution, making the estim­
ation of S.I.F.’s difficult, a Hertzian distribution with 
shear was also studied. The pseudo-stress field used v.as 
the one described earlier, derived by Smith and liu(93), 
equation 25. The results of these calculations are shown 
in fig.61. It can be seen that largest forward-acting S.l.F-’s |

"'.it

occur at about half to three quarters of tne semi-contact 
width, whilst the backward shear has its maximum at a depth 
at or below the semi-width of contact. -J

Recognising that subsurface cracks probably grow whilst 
suffering compression raises extra questions. First, should 
the same coefficient of friction be assumed between the 
crack faces as between the wearing pair? Since, in vacuo, 
the coefficient of friction between two clean metals is 
very high (~10), it might be expected that the same conditions ^
exist at a crack not exposed to the atmosphere. However, 
when the crack underwent severe compression in the ‘'locking" 
regime it would probably be cold-welded back together again, 
so that the wear crack would continually heal. Schijve^127) 
has recently performed some rotating bending fatigue tests 
on internally flawed specimens, and found that cracks grew 
regardless of whether he vented the crack to atmosphere.
In each case it is uncertain whether any gases remaining If*
within the material after steelmaking provided lubrication 
or a means of surface oxidation. The notion that the inclusion
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M o d e l S.I.F. as a fu n c tio n  o f depth & crack size in compression zone.

Fig. 60 .
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of gases is an important detrimental factor is consistent 
V v i t h  the results of Sco tt( 1 28, 1 ?9 , 1 30) who found e consid­
erably improved life in bearing steels which had been de­
gassed. It is expected, then, that the coefficient of fric­
tion will be higher than that found at the ’dirty1 free 
surface but will not attain the adhesive values found under 
vacuum conditions.

A second aspect of mode II loading with a clamping 
force is the degradation of the crack faces by a type of 
fretting action. Corresponding to the singular stress 
solutions (equation 29), there are equations describing the 
displacement of material in the neighbourhood of the crack 
tip. For mode II they are (108);

(i+-o[(9~ev) sin (0/ 2)+sin(3 0 / 2 ) ]

-(1+'O[’(3-6ncos(0/2)+cos(30/2)]
where the crack tip coordinates are shown in fig.62.
To find the displacements on the crack faces substitute in 
& =+ 7( . Thus ;

(47)

uy = 0
' u u l h i i I A *  I (1+^ 8 u - m
ux2:

2E J [ ? n j  / I 46)

So that the relative displacement between the crack faces 

is given by ^x1“^x2 16(1~^) (48)
A graph of this function is shown in fig. 63. It is there­
fore suggested that the result of this relative motion under 
compression is an acceleration of the degradation of the 
crack faces, and the debris and loss of surface integrity 
may help in preventing re-welding as mentioned in the 

previous paragraph. Whilst there is no direct evidence for 
this, it is interesting to speculate on the role such a 
phenomenon might play in the development of., a transformed



Crack tip coordinate system .Fig.62.
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'white etching layer' which is often seen along the edges 
of cracks in sectioned hearings, fig.64 (these micrographs 
were kindly supplied by the RKi? bearing company, Newark).
As well as the compression and mechanical action, these 
crack faces undergo a steep temperature rise caused by 
frictional heating, in a limited gaseous atmosphere. A 
recent paper by ?ujita. and Yoehica(131) identified the 
white etching layer on crack?found within nitride-hsrdened 
gears as iron carbide.

Lastly, it should be borne in mind that the very 
surface layers of a wearing material will contain more 
absorbed gases which have diffused down grain boundaries 
and faults, and that the concentration will fall, off rapid­
ly beneath the surface. Their presence may enable some 
oxidation of subsurface cracks to occur.

Some attention has been paid recently to the formation
of spherical wear debris. Habinowicz(132) considered that
their smoothness was caused by their becoming burnished
in a three body wear process, but Loy and P:cGallum( 133)
associate the formation of spherical debris with white
etching areas. They show micrographs of sectioned bearing
material illustrating the nucleation of spherical debris
between two cracks growing parallel to the surface , and
anti-parallel to each other. When an already approximately
spherical particle is detached it is rolled into an even
smoother shape by the oscillatory’' rolling action of the

#■
crack faces. Direct evidence for this has been observed 
by Smith(134) who has conducted fatigue "tests in compression 
for a slant-cracked specimen, and found wear debris of a 
similar morphology in one set of resulting cracks. This
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Fig.7* Untempered 500x Fig.8. Tempered 2 hrs

Fig.9* Untempered 1000x Fig.10.

F i g . 1 1 . Untempered 2000x F i g . 1 2 .  T e m p e r e d  2  h r s  2 0 0 ° C  2 0 0 0 x

Tempered 2 hrs 1000x

Vertical se c tio n  th rough failed bearing showing 

w h ite  etching layer. F ig. 64.
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experiment also provides support for the view that the 
shear-under-compression mode of crack growth is important.

The results of this section were summarised in a 
paper' (135).
4.2 £he Application of' Fracture Mechanics to Pure Rolling

If attention is restricted to the" problem of pure
rolling it is easier to craw general conclusions about
the -fatigue strength conditions, because the number of
parameters is reduced considerably. First consider the
case of a uniformly distributed load, with no friction.
Using the same method as described in 4.1, the nett shear
was found, as shown in fig. 65. The shear available is, of
course, antisymmetrical, and a locking region exists at
the centreline of contact. For a roller, the pressure
distribution is Hertzian, and the nett shear under these
conditions is shown in fig.66. In a private communication,
Prof essor Johnson noted the similarity between the
regions where cracks were likely to grow;, and the zones
of slip between a steel wheel and tyre, vhich he had
calculated (136). Johnson modelled the zones in two ways;
first, he used a continuum solution similar to that presented
but based on Flamant’s lineload solution, and secondly,
an array of dislocations within the non-locking regions
was inserted to accommodate slip. It is interesting to note
the similarity between the second technique of Johnson,
and the zones of high dislocation density experimentally

<*

observed by bvaih(137) and Dufrene(136),in single salt 
crystals, under Hertzian load conditions.

Returning to the fracture■mechanics problem, the field 
of.stress intensification factors was determined in exactly

1 1 9 '



Nett shear available for uniformly loaded half-space. 
Vertical axis normalised with respect to contact pressure, 
Horizontal axis normalized with respectto contact width,w, 
as is depth. Tallest peak corresponds to lowest coefficient 
of friction and vice versa. Fig.65.

EPTM BEING COtSIOCftCB IS S

EFFS OF FBI CtI ON RR| 1

Nett shear available for half-space supporting Hertzian 
load. All distances normalized with respect to contact half­
width, bQ , and stress normalized with respect to peak contact
pressure, p0. Fig.66.
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the same way as previously described, but this time for . 
only a quarter-space, since anti-symmetry was guaranteed.
The results are shown in fig.67. The reason for such an 
abrupt truncation of S.I.?, as one moves towards the centre­
line, which might not be expected from fig.66, is that the 
computer programme does not attempt to-calculate an S.I.F. 
if part of the crack is within the compression zone. This 
was done to simplify the programme, which does not need to 
work out the effective crack length, but uses only the full 
crack length. The simplification is not as drastic as might 
at first appear, since reducing the effective crack size 
leads to a rapid reduction in S.I.F., and hence the results 
shown certainly locate the maxima. With a crack length of 
0*5 of the semi contact width , the largest S.I.F. found

For a similar coefficient of friction but a. normalised 
crack length of 0*1, the largest value found, was;

located at =0• 5 , 4- =1 • 1
b ^  do o

Thus the point of greatest S.I.F. varies according to crack
length, which is to be expected with cracks of appreciable
length, because it is the weighted average of nett shear
which contributes to the S.I.F., rather than the point of
greatest shear. It is worth comparing the.depths found«*

above writh those determined from an examination of bulk 
shear (equations 9,10). Since the range of depths involved 
is roughly the same it appears that a fracture mechanics 
model is not at variance with the plethora of experimental

and was located at | =0*8, ?■ = 1-1

= 0*024
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evidence accumulated over the years.
The rolling configuration differs from sliding in 

that a crack experiences (apparently) equal and opposite 
values of S.I.F. as a load passes over (fig.68). Each 
growth reriod causes the crack tc deviate slightly from 
a horizontal trajectory, since a crack- propelled by snear 
does not normally grow in its ov;n nlane. Becuase the S.I.F. s 
are of opposite sign it might be expected that a crack 
beneath a roller would weave up and down, and this is 
observed in practice (unpublished work by RHP bearings, 
Newark). However, this apparent confirmation of the above 
theoretical work poses two more questions;
A. A crack growing under the influence of a shear load is 
not normally stable (119) and as soon as it starts to
grow out of its own plane a mode 1 (or even III) loading
is added which is stable, and which tends to dominate the
shear loading. Why, then, does a subsurface crack not turn
upwards (or downwards) immediately, rather than growing
a considerable distance horizontally first?
B. It is not quite true to say that a rolling wear crack 
experiences eoual and opposite periods of shear, as will 
become apparent from a critical examination of fig.69: as 
the load approaches the crack, sliding between the crack 
faces occurs and the maximum nett shear is attained, (point A), 
The applied stress relaxes shortly afterwards and'as it
does so the nlocked-inM relative displacement betv.reen the
crack faces manifests itself as a propelling shear in the

*•»
opposite direction, which reaches a maximum just after 
the load has passed over the crack. As the load moves 
further on an augmenting shear is applied while trie clamping
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Variation o f S.I.F. w ith  la te ra l distance for crack under roller.
Fig.68 .

CRACK GROWTH CRACK GROWTH

SET-IN
[LOCKED] 
A

applied shear --------------
fa lls after displacement 
se t in produces re/ersed 
shear a t c ra c k  tip. 1 xx|

Growth regimes experienced by crack beneath a roller. Fig.69
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force slowly decays.When point B i s  reached limiting fric­
tion is attained and the set-in shear is gradually relaxed 
until point G is reached v.hen all residual shear has sub­
sided. Subsequently the crack experiences a propelling 
shear due to the applied load alone. rfhis rather complicated 
cycle is, in reality, even more difficult to determine 
when a crack of finite extent is considered and different 
parts of the crack are undergoing different types of 
loading on the figure.

from these remarks it is clear that wear .cracks should 
be rather unstable, and one might therefore expect them to 
be rather shorter than is often the case. One possible 
reason for this is the development of residual tensile 
stresses normal. to the free surface. The' conditions under 
which such stresses might form are discussed in detail in 
the chapter on rolling shakedown. Under sliding conditions 
the opening mode growth in the wake of the rider would, in 
any case, provide some stability.

Before leaving rolling contact it is probably worth­
while making use of the results of fracture mechanics to 
formulate design criteria., first, an upper bound of what
constitutes a fully-developed crack is needed,ie. the{
shortest crack must be considered where the assumptions of 
fracture mechanics are valid. Although shorter cracks may 
well be able to grow, the critical length must be chosen 
so that unmodified fracture mechanics is .applicable. for 
simplicity choose c=0*1b . !‘ow, the S.I.f. generated must 
be less than the threshold, ie.

It will later be shown that a K ^ 0*867hKjC , and it is



known from Hertzian mechanics that for a roller moving
over a flat plane; ^

o
A3.so ; Kj j -  n where n is dependent on erack
friction, and may he found from fig.67 or similar caicul-

(Q-667"J'1C 1-52) (50)

ations. Assembling these equations gives;
< vw o o  f,AK~ n

K \  n ,,n r
A further condition which is desirable is that there should 
not be continued plastic flow at any depxh. For the time 
being, the necessary condition will be stated, ie. pQ <^4^
From Hertz' relations;

p - 0-418 •̂o * R

1 0 ,2  ■ / (  i.9  L  1  ( 5 1 )R \ \ 0 • 418/ E '
These criteria are plotted for a specific case in fig.70.
As can be seen, continued plasticity is the limiting
factor for rollers of small radii, whilst for larger rollers
the possibility of fatigue crack growth is the severer
limitation.
4.3 The Initiation of Cracks

Before fracture mechanics can be used, a well-developed 
crack must be present, ie. it must be larger than the 
grains in which it exists, and it'must not be so short 
that the singular solution fields overlap or are distorted 
significantly.by crystallographic effects. The initiation 
of cracks under fatigue conditions is not a subject which 
lends itself to a continuum approach, occurring as it does 
on an atomic scale." However, some insight may be gained by 
considering the stress raising effect o'f inclusions or 
second phase particles, and by examining the energy expended 
by plasticity and hysteresis.
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It is natural to assume that cracks initiate when the 
ductility of a material is exhausted. The point of fracture 
under monotonic loading is strongly dependent on the confining 
pressure (O1) for most polycrvstalline metals, because 
premature separation of the metal and any flaw is prohibited. 
However, some early ideas of 'toughness’ were based on the 
amount of energy a material could absorb before failure.
Making the very crude assumption that the energy under the 
stress-strain crnrve is the energy absorbed which would cause 
cracking, the number of passes needed to initiate a crack 
in a nickel-plated roller was estimated and is shown in 
fig.71. Several energy absorbed curves were obtained, using 
a standard tensile test, at different stress levels, and 
the energy absorbed evaluated, using an Amsler planimeter.
The energy absorbed was found to be related to the stress 
approximately by;

E(mjrnra_3)= 9• 38x10-4x CT2 (Nmm-2)
When considering the roller the value of stress substituted 
was twice the largest shearing stress in the plane of 
symmetry. The graph does nothing more than to show where 
the greatest energy of distortion is expended.

Evaluating the stress concentration factor for a 
rigid inclusion within an elastic matrix will help show 
where initiation is most probable, though it cannot determine 
the number of passes needed to cause initiation. It is 
thought that an initiation criterion may be established 
using one of these parameters: the interfacial tensile stress, 
the local strain gradient or the local elastic energy. A 

review^ of these suggestions was made by Mogford(140) and 
by Hosenfield(141). The local energy criterion, ie. that
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the strain energy released by decohesion should be at 3.east 
as great as the surface energy needed turns out to be a 
necessary but not a sufficient condition for particles 
larger than .25 nm. Finite element studies of the stress 
field within an ideal ela.stic~pla.stic extended elastic 
matrix were conducted by Argon ( 142,143') , for the case of 
cylindrical inclusions. He found that the stress concent­
ration, as might be expected,was greater for the extended 
elastic behaviour. An interfacial stress criterion was 
studied by Goods and Brown(144), who presented experimental 
evidence in support of such a suggestion. Jahanmir and Suh 
(85) pursued this line of thought in relation to delamination 
wear. They used the stress concentration factor for a rigid 
cylindrical inclusion end used the far-field created by a. 
sliding roller. They also took forward flow into account, 
but their analysis seems defective in several respects;
A. They assumed that the hydrostatic stress component was 
unaffected by the presence of the inclusion.
B. Even though they used an elastic stress concentration 
factor the yield criterion was clearly exceeded.
C. A lineax relation between the forward shear of the 
surface and the stresses generated was assumed-no allowance 
was made for the ’back stress’ caused by the inclusion 
itself. The accumulated forward shear was used to create a 
cycle dependent separation criterion;this is unsatisfactory.
D. The interfacial shear stress was neglected.
The author chose a much simpler configuration, ie. a 
rolling cylinder, but examined the stress raising effect 
of an elliptical inclusion. This is convenient, because by 
altering its eccentricity anything between a cylinder and
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a flat plate may be modelled. The elastic stress concent­
ration factors for stiff cylinders and. spheres has been 
found by G-oodier(1 45) , whilst some guidelines on elliptical 
inclusions are given by Kuskhelishvili(.1 17). It is these 
which will be followed.

Consider fig.72, it will be assumed that a small cell 
AAAA may be found such that the stresses along its boundary 
due. to the stress field generated by the contact loading 
are substantially constant. At the same time, the inclusion 
within the cell must be much smaller still, so that the 
local disturbances to the stress field caused by the inc­
lusion do not extend to the bounds of the cell. Suppose 
that the stresses along the edges of the cell are given
by (T . CXr,r> These could be replaced by a "hydrostatic"xx yy xy
stress (2~D) and a pure shear, ie.

Since only elastic stress concentrations are being 
considered superposition is acceptable, and all that is 
required is the concentration caused by each of stresses 
(52). Pig.73 shows a detail of the ellipse a.s contained 
within the matrix (L-space) and its mapping (S-space). 
For the pure shear field whilst for* the ’hydr-
static1 field IT̂ ==-hÛ  — O' * The mapping used is;

The eccentricity of the ellipse is defined in an unusual

z = w(J ) 
where z= x+iy and J = vyO

w(J ) = R(y + (53)

04(1 which maps to unit circle
By equation (53) coordinates map as;
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x = R.Re i f  e1̂ - e”^  = R(/°+ ~)cos$*
y = R.Ira (/C,e'1+Fi” e"~^ = R(4> - Jy) sin ̂  

Muskhelishvili shows that the correct stress functions

(55)

are derived by way of;
r -
P f = i(R1-N2)e-2l0<

They are; (V)= (2Gm£i+P') J-
^  (T )= r'Rj+ +(?Gm£i+r' ) ( ' 3 )

where is the rotation of the inclusion, and^d = 3-4V 
The stresses are given by;

t+ 60
(57)

M E

(T7,ft - cr + 2i£„ = i f -  feJ(t)JF/?)ee u/ r +'; V d- f u ' ( s) (  u  u /

where w ’(^) means = R( 1 - ^2)
So far these results are general. Each loading must now 
be considered individually.

Consider the shear loading case first. Prom equations 
(55)'are obtained;

r = 0 P 1 = -pe
2i°<

-2i°<

Therefore (T ) = “---- — .A. PP.-- 1
X ( I 2 - m)

Since ~§f ( p  =
the second of equations (57) may be re-written as;

=  j r = A  A n A j )  + ^ ' G ) ]

It is now possible to write down expressions for the 
stresses;

(58)



I J
(59)

= U e * ;‘ ) - ^ w6 A £ k ~ t:g ) t  )V>*

/ * 2  *Vl/> i ^ o  A. U 7 -Y- f-v\

a i
X I

*np 6<o 2 <X + p/5 C<r? 2  (c <  -  0 )

^0^ ~ Z **v /̂o1’ 2 (9 i-t.1”

*ia
/°7?M r ) / J z
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aefcA:

r
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> ,  *  f -  £.%.)' ^)/l+ k,7 *

+ ( J ' - ~ V r ' -

lie s trie ting- attention to the interface, ie.^=1

• M - U
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2.Q *  ~ "  f  & -- AifMfe.Lt + p d
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Taking the real part;

2c<9 \ 60)

^ < 9 - V
I 4 * \ .  -Ir̂ irylB (

**
Solving equations 59 and 60 gives;

| fa j? ovo + 2 Ct >»\Q.51*i — p 2. ̂ -<9)j ̂/— ~y( 61)

M P ^  2 o <  -e f  £  £  i^XO- p X  ^

(l+x) f1 *+;f) ( I ■+ r~\ -  2 '*-* C - C T 5

62)
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Taking the imaginary part of equation 60;
^  ^ ̂ # j r *1

{J 1- ~/ai onX&j £ /C [_ J

—  p  £  2 (o "  <*■) W -  2 C  £ y c *  x  2 2 .  4r <o a <9

fj~ " i (/° $ Ly\2 ( <*- ~~ 2 L~ .1—\ (2- 2 3(y_ “ ft •+ 2̂7* ( — /ft
( I ~f r~i X —■ 2 ̂  <̂r> 2- ft ( 60 )

Specialising to the case of a. cylindrical inclusion, ie.
m=o(=C=rO gives the follov ing relations, in agreement with

•=: p  ( I 5c0  ̂̂  o d i e r (14 5)
x 8 '

nc^g = - r O ^ x )  !iU 5
Muskhelishvili found the solution for . It is;£•  ̂ ^ s- c« 2 «<.

The? variation of stress concentration factor as the inclusion 
is turned within a shear field is shown in fig.73* The 
maximum • tension occurs wher.c< =0 and is located at$"=0. 
Substituting into eouation 62. the much simplified value 
results;

£
f  = v ,+x M  r u v y  (64)= o 4 ) X — i

Let us return now to the 1 hydrostaticf field.From equations 
55 are obtained;

r = iP r\= q

Therefore <§ (J ) = ^Q™ILL*l)
(T “m )

The resulting stresses may be found by making use of 
equations 57 and 58:

o~e& -  - u ^  I t i f L iL lM L L in )  I

- I p  [ / ° * - r §■ - "/“* ® (f 01
/<>*- 2 ~,^

(65)
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Restricting attention to the interface, ie.^=1;

z
I* / 2{.£> \ lie. -**)

l̂rt+i ~2h\£ty29)

Taking the real part; 

Taking the imaginary part;

*• v  ^  S i  . -y"— m  - A  + x ■+ £. ( ^ A iH
X )}

— 1C ■+ (x-

(66) 

(67)

- f>Q ~ -  f> ^ ()C--^)5U2(9 
X ( I ■+ /v, -  1 » n  C^rj >L £?)

Solving equations 65 and 67;

/T

<̂ <9 -

A\l -'XnyUfXB)

p

J 4 ) C  - t  M  ( I + „  rv» +  y  1 ^  <ar? 2 0

fs-X •<- ~ ( £ - ' )  -t'v> ( I ' l  ~ z)  Ĉ ' L0

(63)

(69)

The concentration of hydrostatic stress’-is indejjendent of 
the orientation of the inclusion. Note, too, that both 
components of the stress concentration are independent of
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the size of the inclusion, providing continuum and yield ' 
conditions are satisfied. Combining equations 62 and 68 
and maximising the result with respect to d  still predicts 
that the greatest tensile stress will be at the tip, ie. 
^=0. The required result is therefore;

2 r=(.TVf)(pg>ri ^ P h (xo - b m )> (c* =0) (70)
where; pq is the shear component of load

p^ is the hydrostatic component of ioa.d 
x 0 = 1 snd X 1 = 1 + ^

The elliptical inclusion was then considered when 
lying within the pseudo-stress field generated by a roller. 
It was assumed that the inclusion always lay at the worst 
possible orientation, ie. parallel to the most positive 
principal stress direction. A computer programme was 
written to determine the largest ratio of the interfacial 
tensile, stress to the peak contact pressure which could be 
tolerated at any particular depth, fig*.74- At low eccent­
ricities (nearly cylindrical inclusions) the beneficial 
effect of a residual stress is clear, but this vanishes 
as the inclusion becomes plate-like. The value of stress 
superimposed is that found later to be optimum for sup­
pressing plasticity, and is probably not ideal for minim­
ising the interfacial tensile stress. For the case of a 

small applied surface traction the results are shown in 
fig.75. The position of worst stress concentration is 
moved by applying the optimum residual stress and the 
severest trajectories are shown in fig.76. At the surface 
the location is always on the trailing ;edge of contact, 
where the state of greatest hydrostatic tension exists. 
Beneath the surface the trajectories follow a compromise 
between the point of greatest shear and the line of
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maximum hydrostatic stress. It is clear that the topography 
of the inclusion dominates the problem,ie. that tribological 
components containing flake-like second phasp particles are 
more likely to begin cracking than those containing approx­
imately eoui-axed flaws. Also, since the influence of 
residual stresses on reducing the likelihood of initiation 
is marginal, it may be concluded that if residual stresses 
do control wear in any p>articluar case then that system is 
propagation controlled.

In this section only materials containing a rare dis- 
pertion of rigid inclusions have been considered. The inter­
action between inclusions have been ignored, as has any 
localized plasticity. Stress concentration factors for 
various flaws in a work-hardening (Ramberg-Osgooa) material 
have recently be found by Huang(146), which might be more 
appropriate in some wear configurations bearing in mind the 
large strains found. However, it is worth noting that the 
wear tests conducted and reported earlier were done with 
electroplate which is very pure, and they showed a strong 
interdependence between v-’ear rate and residual stress. If 
this were a propagation controlled system with plenty of 
crack sites available the size of a fully developed crack 
must be' very small.

4.4 Hon-linear aspects of Crack Propagation
This topic was not treated extensively, but is worth 

mentioning because of the exceptional conditions in which 
a wear crack lies. It has been stated that wearing surfaces 
often undergo large plastic deformations: the limitations 
of linear elastic fracture meenemies state tnat any plasticity 
must be confined to a small zone around the crack tip, ana
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be negligible in extent compared with the crack length.
If forward flow occurs within the crack tip plasticity 
zones, then they must he larger in extent than l.E.F.M. 
p ermits.

Most approaches to post yield fracture mechanics use
the so-caleed HRK solution, which was found independently
by Hutchinson(147) and Rice & Rosengren(118). It deals with 
the stress state at the crack tip as if it were a. non-linear 
elastic material, and, by implication, the solution is 
taken to be accurate for deformation plasticity (in spite 
of the irreversibilities). The method is difficult to 
impl-eraent and necessitates using the J--contour integral (120). 
A second method suitable for experimental purposes is to 
measure the crack opening displacement (C.O.D.) and to 
relate this to the failure stress.

Where there is only limited yielding a third method
is available. In its simplest form a larger effective crack
length is assumed when calculating the S.I.F.. If the plastic
zone size predicted by l.E.F.M. is r^ then the effective
crack half-length is c+r and so KT=KT(c+r ). This methodp l i p
is only very rough and provides a safe upper bound. However, 
in assuming that the crack length extends to the end of the 
plastic zone the cohesive stresses within that portion are 
neglected, • The simplest way to allow for them is to assume 
that within the plastic zone (J = 0~ , &s was done, in early 
versions of the Dugdale model (106). A direct way of obtain­
ing S.l.F.’s making'use of this principle has been developed 
by Chell ( 1 49, 1 50) . Fig. 77 shows a cracked plate and. a model 
plasticity zone emanating from the crack tip. Chell analyzed 
the plate, under arbitary mode I loading, under conditions
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where the plastic zone size is not negligible. The crack- 
opening displacement is given by;

/  2 f
p  ( c) = £ j G.(xjC) l ( x ) -K, (x, c) dx (71)

c
where, in this case, the Green’s function G(x,c) is approx­
imated by equation 14a. note that here the 'variable' is 
xj)>c, the real crack length. The S.I.F.'s are given by;

'K (x) = pjc-(x,x') 0"(x')dx
{j 2 )

kb(x,c)= q Ter(x , x ' •) &  dx

where (x'j is the pseudo stress and G  is the stress 
component in the y direction in the yield condition. The 
plasticity zone, s=a-c is determined by the relation;

K-a(a) = Kb(a,c) ( 1 3 )

Also, the 'plastic' S.I.?, may be found from;
K = Ve O' ̂> ( c )

ir

Failure is predicted when in uniformity with l.E.F.M.
The solution of the above family of equations was attempted 
on the same mini-computer used for earlier calculations, 
and a block diagram is shown in fig.78. The results of 
applying the method to one loading configuration, viz. a 
line load, are shown in fig.79. There was insufficient 
capacity available to attempt a more realistic load. Also, 
it was.felt that because fracture mechanics has not yet 
progressed to the stage where mode II loading can be handled 
in the post-yield regime, any results would only be indica­
tive of material behaviour under wear conditions.

It can be seen, from fig. 78 that at most deaths the 
correction to post yield mechanics has only a small effect 
on the S.I.F., and zone sizes never exceed about 0*25 of 
the crack half length.
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5 . An Ks tim a t i o n o f C r a c k G r o v. t h 
R a t e s

5.1 Difficulties unique to leer
Nov.' that the relation he tween applied load, crack 

size, loading geometry and S.I.?, has keen established, 
it will he valuable to f i r . *  t^e rate of crack growth.
There are two features of wear crack growth which make 
estimation by established methods difficult, viz. stress 
intensification factors encountered are low, being little 
in excess of the threshold value. Secondly, the crack 
suffers combined modes I and II loading for part of the 
cycle, and pure mode II growth in a second part.

When an ordinary fatigue crack undergoes pure mode 
I loading the relationship between the S.I.F. and the 
crack growth per cycle can he represented by a graph of 
the type shown in fig.80. There are three regions of 
interest; .
A. Stage I Growth

Here the crack is still small compared with the grain 
size, and crystallographic effects are present. The crack 
grows by a shear mode action , along lines at d  =+70°, so 
that progress in the plane of the crack is low. Note that 
the crack growth rate is extremely sensitive to the value 
of the applied load.
B. Stage II Growth

As the crack grows much.longer than the grains, the 
continuum approach becomes valid. The crack now grows by 
an opening mode mechanism. Within this region the relation 
between the crack growth and S.I.F. can adequately be 
represented by Paris’ equation,ie.;
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3m = A-(A K ) (74)
G. brd Stage of Growth

Eventually the crack tends towards the critical size.
As it does so the crack grows rather more quickly than 
predicted by Paris, and a power relation is no longer 
valid.

Since stage II occupies the majority of the crack's 
life, it is usual to predict time to failure by substituting 
the relation for the S.I.?, into equation 74, and integrating

d0 = A. (K(tf-,c))mdN
N = |

vj C,

M e
K(<r,c)m

where ĉ  is the length of the crack found at any particular 
time, is largest crack length which can be tolerated
and K is the number of fatigue cycles needed to make the 
crack grow from ĉ  to C2<

The distinction between a fully developed stage II 
crack and the intiating period associated with stage I is 
due to Foreyth( 15*1). Wear cracks, because they are so short, 
are more likely to exist for a long time in the first stage 
of grov/th. An examination of fig,80 will show that under 
these conditions use of equation 74 will under estimate 
crack growth rate considerably, because of the greatly 
increased shear component present in the plane of the crack. 
There is currently no simple way of estimating what the 
growth rate might be.

Combined modes I and II loading presents difficulties 
because there is no universally acceptable equation, together 
with data, available. A review of the available proposed 
lav/s was made by Toor(152). All require the experimental
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■ ' I I
determination of a large number of empirical coefficients,

: wand it is far from certain whether the results obtained in
-

one configuration are applicable in another. Thus, s method
4is needed which determines;
■:$A. V/hether a crack is growing by opening or shearing. *H
•**|F

B. The most nrobable direction of crack growth. 5%
C. The rate of growth. -:g

y*
Erdogan(153)» Kanazawa(134) and Antolovicn et al (155)

have, suggested using the microplsstic zones at crack tips
i las a means of predicting propagation rates. The eouations "il

deduced also involve many arbitary constants, and their
- r|?v

use is considered only for mode I growth. How'ever, much iffIf
experimental data are available for mode I (see, for example 
Pook(156)). Therefore, these data may be used to eliminate

Isome of the constants, and hence combined mode propagation 
rates may be deduced. The method to be described is applicable |J 
only when the loads are. applied, in phase; cumulative damage 
caused by out of phase loading cannot be properly taken

I
M
I

into consideration. -Itr■<%*
*Wr?'

Hirst, the nature of the plastic zones at crack tips -1
Ishould be visualised. The stress field in the neighbourhood 

of the tip has been shown to obey a relation of the form
of equation 28. The angular distribution of stresses is

"H
given by the Irwin-Eolosov singular solution. This is:

<Tr r ' j f cos(£>/2)fl+sin2(0/2) j )  'f|

I - J fe  ) 1 *

q-T 9 j I sin(#/2)cos2(#/2)

°iz = ( V  -°ee) £ z z = 0 .. (75)

0 ^ r ) K (Sin(5>/?) I - ?  s i n 2 {& /? .

=/?¥? j -3sin(0/2)cos?(0/?) f
fvP) / cop(e/2) l--5sin2(S/2) ,4

J ^  ..149 ' ®



There is a similar solution for mode III loading.
If it is assumed that the elastic stresses are given 

hy equations (75) right up to the value where the yield 
criterion is exceeded, ie. Jb-, = '2h , then the plastic zonesK 0
are of the form shown in fig.81. It should he noted that 
for a given S.I.F. the plastic zone is larger for mode II 
loading than for mode I, and that linear supernosition is 
permissible if it is assumed that the strains are given 
hy the extended elastic strains.
5.2 Estimating Stage and Rate of Crack Growth

Two criteria have been nroposed for deciding the stage 
of crack growth; the maximum energy release criterion due 
to Wu(157)» and the local stress criterion due to Otsuka 
et al (158). The latter is followed here since the narameters 
derived also enable the most probable direction of growth 
to be found. Consider the following parameters, found from 
equations (75) :

K<r= c~dl3 J 27fr=cos^ ( 0/2) [^cos^/ 2) ~3K-[1 sin( & / 2)} (76)
KT-=Tr5j2^r=cos((?/2)| KjSinCe/ ?)cos(d/?)+KIl:( 1-3sin2(0/ 2 ) )X  

It is assumed that the transition from stage I to stage 
II occurs when Kcr reaches some critical value. Therefore 
this must be maximised with respect to 0 . This gives;
Kj-sirf- +ZLj( 1-3sin2(<9/ 2) )=0 (.77)

Similarly, to obtain the boundary between no-grov/th and 
stage I Km is maximised with respect to giving;
KIcos(£/2)(1-3sin2(e/2))-3KII(3cos2((9/2)-1)sin(0/2)=O (78) 

Solving equations 76 with equations 77,and 78 enables the 
form of the boundaries to be found. Otsuka et al then used 
their experimental results to determine the relative posi­
tions of the boundaries. This, however, should not be

150



necessary. If, in equation 76a, the -value 0  ~0 is inserted 
then it is obvious that;
A. This corresponds to pure mode I, and therefore tne values 
to be substituted are K-j-^AK^, Njj~0
B. Form the singular solutions, v.i.th values substituted as 
above, <T =c, so that q is a principal stress.
Thus, for the case of plane stress, yielding occurs in front 
of' the crack when the hoop stress preaches the yield value 
CT. This occurs when the maximum shear exceeds the yield 
stress in pure shear. If von Mises* criterion is assumed,
fT' d~Q

7 anQ growth will begin when reaches 0*577AK-n.
This value differs only slightly from that used by Otsuka, 
and gives very similar curves (fig.82.;. The form of the 
stage I-stage II boundary is in good agreement with that 
derived from experimental work by Pook-(139 »159).

Now that the most likely growth mechanism has been 
established, the propagation rate must be found. Before 
doing this, the errors introduced by using an elastic stress 
field and. a plasticity criterion are illustrated. Consider 
the centrally cracked plate of fig.83. Clearly, the liga­
ments either side the crack must each carry a load P, 
regardless of the value of P, ie. no matter what the size 
of the plastic zone. Since the ligaments lie on the crack 
centre-line, and assuming plane stress, the extended stresses 
may be written down Immediately;

<tx=<Py=</2^. ■ ° ■ (7S)
Using Treses’s criterion, it is clear that yielding occursN '
when &~y-y reaches dTQ. In limiting the stress to the yield 
value the contribution made by higher stress levels, A ? ,  
is lost. In order' to maintain equilibrium the part of the
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force which would be supported by these higher stresses
must now be catered for by extending the yielded zone
further, as shown in fig.81. The 'lost1force is given by; 

fZv 1
A? = K - j - 7 - crory [7< j)

The extra contribution of force Tnade by extending the
yield zone by ^ is A ? 1;

~2rT
Ap' = £, cr„ + K ^(1- (BO)

But Ap = A P 1 , ie.
I'v Tv * a. ry

KI / 2r^
-0 V 7T .£ +  ^y= y  r y  1 — r-)° }■ (so

Taking the limit a-
€ Ki r  2 1

Cx2>

V  ; 1 (S2)
Putting in the plane stress plastic radius; 

kt p 1
V  ^  - 2 ^  (63)

gives;
f- = 1 (84)y

This result and its implications for accuracy should be 
borne in mind, because it will subsequently be neglected, 
ie.£ =0. V/ork hardening is also ignored.

The following method will be used to find the size 
of the reversed plastic zones: first, the monotonic zones 
will be found. It will be assumed that within this plastic 
zone all stresses maintain the same value, ana do not fall 
off towards the crack tip.(This cannot be true since trac­
tions would appear on the crack face which v/ould be un­
satisfied. However, since the exact form of the fall-off 
is not known, and this assumption will,.-to some extent, 
cancel the effect of neglecting the correction to the zone 
size, it will be ignored consistently). Secondly, the 
reversed zone size will then be found by observing when , 
having relaxed a certain fraction 'p* of the original load,

1 5 3



the new nett shear stress exceeds the yield criterion.
First, though, p must he found.

This is done hy considering one ligament of fig.83. 
Assume that the stress ratio is zero, so that upon relaxation 
the value of ? falls to zero. Tne' stress system is shown in 
fig.85. If the load P falls to zero, so- does the sum of the 
stresses across the ligament, from fig.65, it can he seen 
that this is equivalent to saying that the two areas A and 
B are equal.

First, the monotonic plastic radius r^ is found as 
described ahove. It is then substituted hack into the 
singular solutions to give the ’saturation’ stress level,

corresponding to yielding. The nett stresses after the 
reversed stress field is superimposed are then given hy;

Substituting these equations (which are for plane strain) 
into von Mises* criterion and putting;

<iz=

J . j
(85)

A?= i  K2 (1-2m2+ Kj
gives the relation

(86)
The only solution which is not trivial is associated with

(87)

To find p, return to fig.85
stress will cross the zero-stress axis w'hen;

(88)
p

The force contributions can now he found;
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Assembling these Vvith attention to signs gives;

(90)

Rearranging and taking the limit a-^-^gives p — ►- I.Subst 
ituting this value into equation 87;

(91)o
whereas the monotonic plastic zone size is;

(92)

Therefore;
(93)

Two equilibrium problems have now been solved by arbitrarily
taking the outer limit at infinity. This is convenient for
converging quantities and gives simple ratios. However, it
cannot really be justified on elasticity grounds, since the
singular solutions are valid only for a given distance from
the crack tip, and further a.wsy the stress field is influenced
by the boundary conditions on the component. The effect of

r 1
taking; finite limits on p and (^) is shown in fig. 86. Though

Pthe analysis is not repeated here, because it is rather 
tedious, it is easy to show that the mono tonic and reversed 
plastic zones are geometrically similar. The plastic radius 
is now known for bo.th the reversed and mono tonic zones, for 
any combination of mode I and II loading., and for any angle, 

d . It is nov. necessary to find the most likely direction 
of propagation. There are two possible criteria; the maximum 
energy release condition due to Cotterell(160), and the stress



criterion mentioned before, due to Erdogan and Sih(161).
For simpii ci ty, and beeause i t is consistent wi th the thres- 
hold work done earlier, the second idea will be adopted. It 
is sometimes suggested that it is the largest tensile 
•principal stress which determines the stage II direction- 
the present work will utilise the tensile hoop stress, which 
lies in a principal direction only for 0  =0, pure mode 1.

• rfo find the most probable direction of crack propagation 
for either stage equations 77 & 78 must be solved and the 
correct maxima selected. Equation 77 may be solved straight­
forwardly to give; __

<9 = 2 arctanjr - T S " 2 j (94)
Equation 78 is much more difficult. Note, instead, that 
solutions lie in three possible regions;

0 <9 ^  70* 53

-109-47^ & 4  -70• 53 
. 109-47<> &  ^ 180 

Only the first two are important since the last .is unfavourable
energetically and gives very low propagation rates. The

KTTmost favoured directions as a function of the ratio — =•
I

are shown in fig.87
Prom Antolovich et al1s work (155), which seems to tie

in well with available data, the fatigue crack growth rate
may be written as;

ff = B . ( r p l//S (95)
Note that 2 j f3 is equivalent to m, the expqnent in the Paris

<•

equation. A new general growth rate equation may be written 
as;

^  = B,(r^)m///̂  where r^ is found from fig.88 (96) 
Fig. 88 was constructed to be most useful over the range
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n=0 to 7, "but could easily be re-drawn to be more sensitive 
in other ranges. It was constructed by taking the values

and substituting them into the general plastic zone relation 
given by the singular solutions and von Mises' criterion.
All that remains is to evaluate the constant in equation 
96. This is done by using n^C (cure mode I) and subsituting 
data given by Pook (156). Additional values to fig.88 are 
shown in table 6.

Table 6. Additional values of plastic zone sizes

To use the idea one first determines the constants 
m and B as described above. The ratio of stress intensi­
fication n is found for the particular loading being 
considered. Pig.82. is then consulted to find the most 
likely stage of crack growth obtaining. The most likely 
angle of crack extension is found from fig.87* and the 
reversed plastic zone size from fig.88. The value for r^ 
may now be substituted into eouation 96 to determine the 
crack growth rate.

5-3 Applying the results found to Wear
The method may be applied to sliding wear. Assume a 

crack half-length, ^normalised by the contact half-width, 
of 0*2, and a coefficient of friction of 0*2. Then, from 
fig.53. the following results are obtained;

of 0  given by equation 94 and the solutions of equation 78

Stage

2 0*026 0* 168
1 (orobable) 0*123 
1 (alternative)0•123

0*477
0* 176

- 0*622 -free shear
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Kjt
0*677 -shear + compression “=0*2 J=Q• 6P g W -1 W Vv'

Let the applied force he 5kgf, and the material hardness 
he 300 VHN (ie. 0^ = 1 ) . Then the contact half-width
w#0*12mm. Thus the depths of fastest brack growth are 
about 12.// m in the free shear mode and 2Ay/:n in the shear 
plus compression mode.

The next step is to eliminate the constants from equation 
96. If the wearing material is hard nickel.electroplate, 
the following data, from look(,156) may he used;
AKj= 0*278 kNmm '^  These values give 3=3*88

= 1x10 mm/cycle ie. dc=3.8g x r ,2
m = 4

qr = 10 NmmVvfim
3/2AKIC= 0*187 kNmm

The actual S.I.F.*s encountered are found;
-3/?Free shear: K, = 0*070 kNmm ~ &  0*37AK-rn 1 10-W/ ?Compression shear: ^ = 0 * 1 0 8  kNmm 0*58 A k ic

By comparing these with fig.82 it is clear that hoth phases 
of crack growth occur in stage I. Using, values from fig.8o, 
the following crack growth rates result;

rp(|p-) ̂ =1 * 15 ’ ie. = 123 nm^/cycle -free shear
cy o 2. d c /j-) =0*48 ie. = 123 nny cycle -shear + compression 
It is ouite hy chance that the two growth rates should 

he so similar. However, a nett growth per,slider pass of 
ahout 0*25ytAm seems reasonable, hut cannot he interpreted 
in terms of wear volume without knowing the number of cracks 
growing at any instant, and the critical crack length. This 
will almost certainly he much .Less then the crack length



corresponding to Kj q > since' the trailing edge of the crack 
usually appears at the surface first. In this condition 
the platelet is held only 'by the front edge, and is there­
fore elastically unstable when loaded by a shear traction.

It is expected that cracks from several differnt n’lanes 
will grow simultaneously, though clearly the growth rate 
will fall off with depth. Thus, when one layer of delamination 
sheets has detached, there will already be several short 
cracks in subsequent layers, ready to grow more quickly 
as the S.I.F. suddenly increases. This will not happen 
during running-in.
5-4 Further Aspects of Crack Growth

Stresses in a. plane parallel to the surface, and there­
fore ’in-plane’ with the crack, do not contribute to any 
stress intensification factor, and therefore, to a first 
approximation, do not modify the crack growth rate. However, 
it should be noted that the singular solution (equation 7 5) 
whilst adequate for all normal purposes, is really only 
the 'first term in a series expansion, and a corrected 
solution for a biaxially loaded crack, taking higher order 
effects into account, has been determined (162,161). The 
solutions are mathematically difficult, but a rough estimate 
of the effect of in-plane stresses may be obtained by super­
position. Aurich(164) mentions this, but fails to give any 
examples. Physically, the reason for inaccuracy in performing 
straightforward superposition is that, once a mode I load 
has been applied, the in-plane stress does not ’see’ an 
infinitely, sharp crack, but one which has been opened 
slightly. In the case of a wear crack the mode I S.I.F. 
is small compared with any residual stress present, and

■r4
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therefore superposition is acceptable, fig.89. as can be 
seen, the plastic zones at crack .tips may be modified very 
considerably, and, further, they completely lack symmetry. 
Following an argument similar to that presented in the 
previous section, it must be true that the crack growth 
rate is modified. The nature of the modification is difficult 
to quantify beca.use of the asymmetry of the plastic zones 
with respect to the crack centre-line. A fracture mechanics 
explanation for the modified wear rates of chapter two might 
be interpreted as the reduction in size of the plastic zone 
on one side of the crack by either tensile or compressive 
residual stresses. This is only speculation.

Under mode 1 conditions the value of the stress ratio
cr,R = -— — • has some influence on the rate of crack growth,
°~m a.x

as well as on the threshold level. For-R)> 0,AKjq falls as 
R increases for nickel, though for steel the rate of crack 
growth seems independent of R (165). A complete independence 
from R is reported by Ohta and Sasaki(166). However, all 
these experiments were performed for R in the range -1 to 
+1, and for the wear case R ^  - 1 0  , for which no values 
are available. Thus values used above were obtained in vastly 
different environments from those occurring under wear 
conditions, so that their suitability is in question.Recent 
work by Francoisf167) on the influence of hydrostatic stress 
on fracture may eventually facilitate better predictions.

A paper was written on the determination of crack 
growth rates from inode I data, explained in section 5.2,(168)
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6. Shakedown
6.1 Concept of Shakedown

In previous chapters, the stress distribution beneath 
various sliding and rolling contact geometries has been 
investigated, together with the influence of a pre-existing 
static stress system. If the yield criterion is never 
exceeded, it is reasonable to assume that any pre-existing 
stresses will persist, and the shape of the contact patch 
will change only steadily, as material is worn away. How­
ever, if the yield criterion is exceeded, three things will 
occur so that the system may quickly reach a state of elastic 
equilibrium;
A. In the case of some geometries, such as a ball rolling 
on a flat block, plastic flow of the block will occur to 
produce a shallow groove. The contact patch will now be much 
larger, so that the mean contact pressure is lower, reducing 
the resultant stresses.
B. Work hardening will occur, increasing the yield stress, 
and therefore increasing the size of the yield envelope.
C. The system will tend towards a shakedown state. This 
involves the creation of residual stresses, which, together^" 
with the applied stresses, may produce a state of stress 
which lies within the yield surfacecj It should be noted that 
a system may shake down without any increase in yield stress, 
and throughout this chapter models will be presented based 
on ideally elasto-plastic behaviour.
Shakedown in continuous media occurs because as a component, 
loaded beyond the elastic limit, is unloaded, stresses develop 
which are of opposite sign to those produced by the load.
These stresses are maintained by elastic recovery of the



surrounding material, and reduce the nett value of stresses 
produced hy a subsequent application of the load.

The "shakedown limit'1 is the largest load which may 
he applied, which, together with the optimum residual stress 
system, lies within the yield criterion. The "elastic limit" 
is the largest load which may he applied, without exceeding io/ 
the yield criteion, in the absence of residual stresses. ■
Use will he made of Melan’s theorem, an explanation of 
which is given in English hy Symonds(169). This states that 

some residual stress system (even if rather contrived; 
may he found, which, together with the applied stress system, 
lies within the yield surface, the system will shake down, 
though not necessarily in the way proposed,ie. the residual 
stresses may differ from those speculated.

Shakedown has two important implications for wear. First, 
whilst trihological components should not he over designed, 
for economy, it is desirable that plastic flow should not 
persist. In rolling components this would not he catastrophic 
immediately, hut would acceleate fatigue failure, and give 
rise to the forward flow of surface layers, as observed hy 
Crook(170; and later hy Hamilton(171;. Secondly, the nature 
of the self-generated stresses may he very important. Fujita 
and Yoshida(172,173; found that when two cylinders of 
different widths were rolled together, a tensile stress 
developed perpendicular to the surface-this would accelerate 
mode I growth. Various studies of residual stresses in rail­
way lines have also found deleterious tensile stresses 
perpendicular to the free surface (174,175j.

The first contribution to shakedown theory in trihology 
was made hy Johnson(176; who showed that the shakedown

167



limit for two cylinders rolled together is;

~ < 4 - 0 0  (97;
T 0

Johnson obtained this result by an examination of the stress
history projected onto the deviatoric (7r) plane, but a
simpler proof which may immediately be extended to a sliding
cylinder is as follows: consider the sliding or rolling
cylinder of fig.3. The problem is strictly two-dimensional
and it should be noted that the residual stresses must, when
the load has passed, satisfy the equilibrium equations
themselves. These are;

xx <^xy _ ^
T F  + T y  + T T  = 0

i l s  + if x x  + £ 0 x2 . = o (98)J x - c) y J  z '
<^TZX d 'Zyz dtfzz n
J T T  + T y  + T F  = 0

Because stresses cannot vary with respect to y or z, we
note that; ^-i _ _ 0 ^

j y  ~ Z z  ~  u inus ’

t ¥ - t ¥ -  t ? - »  ‘

Since the free surface must remain clear of all tractions, 
and stresses do not vary with depth;

T*xz“ ̂ y z “ ̂ Ixx” 0 ^  x (100)
Because there can be no residual orthogonal shear, the
shakedown limit for these cases may be expressed as;

(101)
For a rolling cylinder r xymax= 0-25 p0 , giving equation 97.

later, Johnson proposed an explanation for the forward 
flow phenomenon, and at the same time wdrked out the nature 
of the residual stresses (177). fie did this by assuming 
that the strains were given by the extended elastic strains,



if the yield criterion were not greatly exceeded, and 
using the Prandtl-Reuss flow rules. These results were 
then generalized to a sliding cylinder (178).

It is possible to extend this technique and examine 
the ’no-plasticity■ condition when there is a pre-existing 
residual stress system. The essential' difference between 
shakedown and previously built in stresses is that the 
former are totally independent (subject to the yield criterion 
and equilibrium requirements;, whereas tie latter are, of
course, cylindrical,ie. CTyyr d^zr = 0~v (where the added
subscript r just refers to a residual stress;. Consider 
now the second invariant of the stress deviator tensor;

J2 = 11 ^ x - V 2+^yy_ W 2+K z-<SP2} +4y + Col (102;
If the shakedown limit of equation 101 is to be attained 
it is clear that the term within the braces must be zero.
Since CC «0, we have; 

^ x x  = °~ y y  +  ° y y v
= + cT ZZ UZZT

or o'­ er.xx c ryy
=s ry * — (J~ ’0 XX ZZ

where ’ indicates stress 
due to contact load alone

yyr 
o ~ zzv

If the residual stresses are not independent the term 
within the braces must instead simply be minimised.

(103)

ie. d 

ie.
{k x x -<ryy~ ̂  + ^CTy y ~ ‘rzz^ } = 0

2r
~2 (cr* — cr1 — CT ) +0 (cr*1 -f cr'— tr’ ) = 0 v xx yy ^  zz r xx;

c r = J(2cr* -cr’ -cj4 ) r xx ° y y  z z J

The new effective value of J2 is;

J2 = i  { ^ <ry - i , rV 2+ i' ‘r z ~ aJy '>2+^ a'y ~ a'z) 2 }

= ^ K - ^ > 2+^ y
When the shakedown condition is reached at the surface 
first, ie^x^O* 367 the -worst stresses occur at the origin

(104)

.2 t
'xy

(105)



- v - o- - - - Pft (106)xx yy 2v ^  o 
Subtituting these -values into equation 101 it is clear
that the shakedown limit is;

j k  <  !  (.107)
t o

and the load limit is; (see below for definition)

—  1 ( 1 0 8 )
T o  V0>04+«

so that a&ytA becomes large the two quantites tend to the 
same value.

A computer programme was written, based on Smith and 
Liu's solution (equation 25) to determine the elastic limit, 
shakedown limit and "load limit", the last quantity being 
the largest load which may be applied, in addition to the 
optimum cylindrical residual stress system, without caus­
ing plasticity. The results are summarised in fig.90. The 
elastic limit based on Tresca's criterion, found by 
Johnson, is omitted for clarity. Note, too, that a load 
limit based on Tresca's criterion would coincide with the 
shakedown limit, since only one degree of freedom is 
required to maintain the largest principal shear stress
equivalent to 7T' „ Table 7 summarises the results found,xy
and it should be noted that the optimum residual stress 
depends on the applied load. This is not too serious, 
because the value of the applied stresses will not become 
critical until near the load limit, and therefore residual 
stresses based on this pressure should be used.

A graph of the optimum residual stresses is shown in 
fig.9 1, and an illustration of the contraction of the 
plastic zones caused by these residual stresses is given



subsurface surfaceLOAD"
LIMIT

SHAKEDOWN 
V  LIMIT2 ~

subsurface s u rfa c e

ELASTIC
LIMIT

[ f t  ] AT lo ad  l im it
L rt

0 020-1 03 0-60-5

GRAPH OF ELASTIC,SHAKEDOWN & LIMIT LOADS-CYLINDER

Fig.90.



in fig.33.
Table 7. Shakedown results for Sliding Cylinder

Txymax 
/ £  £* po

7r*0
*o

2L.
P0 optimum

0 ±0*866 -0*500 0*250 4*00 3*95 -0*174
0*1 0*866 -0*452 0*281 3*56 3-49 -0*152
0*2 0*864 -0*415 0*312 3*20 3*10 -0*128
0*3 0*861 -0*384 0*345 2*90 2*78 -0*102

0*367 0*858 -0*366 0*367 2*73 2*59 -0*083
where S.L. = shakedown limit L.L.= load limit 
Note that when / * -  -  0*367 the surface value of the shear 

stress is equal to that found subsurface, and subsequently 
higher values of are substituted into equations 107 
and 108 respectively to find the S.L. and L.L.

A second configuration which was examined was that 
of two balls rolling or sliding together, or indeed any 
arrangement resulting in a circular contact patch and 
Hertzian loading. The elastic limit is clearly achieved 
on the plane of symmetry, ie. y=0, fig.21, and may be 
found by using the solution for the elastic stresses, 
found by Hamilton and G-oodman(83). The shakedown condition 
presents extra problems. It has been shown that for two 
dimensional rolling or sliding contact, the shakedown limit 
is governed by the orthogonal shear (equation 101;. It 
will now be shown that under a general elliptical contact 
patch, for rolling contact, the same limitation applies.
It has not been possible to devise a line of argument to 
show that the same condition applies for a sliding three- 
dimensional contact, and this,regretably, has therefore 
been assumed. The results are entirely consistent with

1 7 2 '
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other cases treated more rigorously.
Pig.92 shows a plan view of one contacting body, 

with a general elliptical contact patch. By careful 
considerations of symmetry, the following relations are 
apparent;

The solution for the elastic stresses in polar coordinates 
for a circular contact patch were- given by Huber(87). These 
are (with dimensions normalized to the contact radius;;

r t ^ Q )  = - Z y z ( - & )  = ' K y j v - f i )  

T xy^) = - /vyLy { - e i )

(109)

Thus, residual stresses <r and can
A  /j A . V

can be of no benefit
Two possible shakedown limits are therefore;

^xy

And from symme try, Z  = = 0
where u = ij~r*2+z*2-1 ,/[(r*2+z*2-1 )2+ 4z*2] 
Transforming now into Cartesian coordinates;



'f Xy = 4( <5'rr-- ffg &) sin2 6
T r xz  = (111)

'T yz = 'Trzsin0- 
Maxiraising ' t ™  with respect to d  ;

= ( f f ig )  o o a 2 S = 0 ( 9  

Substituting from equations 110 the maximum value of ̂ Y y

i s ;

T E L = f (1-2V> /~ 1 /z^ 3], [ z * \ f  z*2
po ( 3r*2 [  ( u 2(u +z* )

It tanspires that the maxima and their locations are;

po
^XZ

= 0*05 at z*= 0*5 , r*= 1*11max
= 0-214 at z*=0-35 , r*=0-848max

It is clear that the orthogonal shearing stress again 
provides the shakedown limit, which is given by;

J-2 <^4-675 (112)
Z  o

•uIn the case of elliptical contact, as -* — •— the shear 
Txymax continuously to zero*.-and it is therefore
reasonable to assume that the orthogonal shear provides 
the limiting factor in all practical shakedown conditions 
under traversing contact loading.

Returning to the problem of shakedown with a circular 
sliding contact patch, great care must be taken v/hen 
evaluating the stresses, because of the indeterminate nature 
of the equations given by Hamilton and G-oodman. In their 
notation, consistent with fig.21;

3 = 0 ,  r  = *
. . «x * X

f  * 2 ■* z 1 ’N *7 -(x - t z; — * J  -+ X t. z
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7 iX n e~\ j  *Jl( *■2 •* 2

X =. \ i ? - *  I C ~ 4%+ ^ z - 0 )

i f  A *  =• cj>* ■ ‘ j '  ( s * y )

t L „  <j> = C4T* (  ^ /? )

(J/ -  Jj1
The imaginary parts of the functions F̂ -H required are;

r -  r ££
f7

a

z .  “  -2L ^ 0 -  0  

- ±

* £ +z .
■z. -f- jt- -f I')/*)

*- jr

H = + i  ft f t  * * T
Hi = Aft-£  *  i

h „  = -*v//- (sufrhg’lAAAi-̂ Dft̂ yjj/r]
where;

oC " •2.*’̂  -i- jzf 
f t  = J / 2-/^*
j -
r  =• ^
K -  (ft -f z*) * (  </'-<'[)

The stresses due to the tractive force on the surface are;
<rz?£.?<■

/*f.
£T 
*3 3  ~

T,X . - Z

/ ' f *
f-2

£ (113)

The stresses due to the normal component of contact load 
may be found from equations 110 and superimposed.
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Fig.93 shows the variation of shakedown, elastic and 
limit loads found exactly as before, whilst fig.94 summar­
ises the optimum residual stresses. Table 8 also summarises 
the results obtained, and fig.95 shows how the critical 
points vary with friction. The results found are generally 
similar to those obtained by finite elements by Rydholm and 
Fredriksson^179), who also deliberately assumed that the 
residual stresses need not obey any specific constitutive 
relation (Ponter’s theorem). Their curves differ for the 
shakedown limit, when this is attained subsurface, and show 
higher values in this region. Because of their totally 
numerical method it is difficult to see where the discrepancy 
lies, but their higher values are consistent with fewer 
constraints imposed on the nature of the residual stresses.

Table 8.Shakedown Results for a Sliding Ball.

£ X * z *
/ ^o S.L.(— °)

* 0 0

2 1

Po optimum
0 0*848 0*350 4-675 4*632 -0*208
0*1 0*849 0*321 4-129 4*054 -0*205
0*2 0*847 0*298 5-685 3*574 -0*187
0*3 0*842 0*278 3-315 3*170 -0*179
0*32 0*841 0*274 surface 3*077 -0*163

At higher,, coefficients of friction the shakedown and load 
limits both occur at the surface. Their values are easily 
found from the simple relations given by Hamilton and
Goodman. The S.L. is given by; ^  \c o

Allhcugh the foregoing results are of fundamental 
interest, their use is rather limited. This is because, 
as a rolling ball on a flat shakes down, a groove is created
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so that the contact becomes elliptical. This problem is 
now considered in detail.
6.2 Shakedown of a rolling ball in a Groove

It has been mentioned that a heavily loaded rolling 
ball creates a groove, and hence an elliptical contact 
contact patch,with repeated rolling passes. The minor axis 
of the ellipse is aligned with the direction of rolling.
In the case of a railway carriage wheel rolling along a 
length of railway track the contact again is nearly ellip­
tical, but with the major axis extending along the rolling 
direction (fig.96.).. The solution of the "elliptical” 
shakedown problem is therefore of practical interest.

Since the shakedown condition has been established as 
T xz<C^o> Prot>lem is reduced to solving the Hertz
problem on the plane y=0, for elliptical contact. The usual 
restrictions of isotropy and homogeneity apply, and it should 
be noted with reference to fig,96a that the larger contact 
semi-axis should be rather less than the smallest principal 
radius of curvature. Fessler and 011erton(180) have experi­
mentally shown that the Hertz conditions are certainly 
satisfied if;

* 0 3  Rball <114>
In the same paper, the solution is also given for ;A «
much of the theory is contained in love(181), which should 
also be consulted. For the plane y=0, where the severest 
stresses act, the auxilliary variable V  , when normalized 
with respect to the 'semi-minor axis, becomes;

X * *  % { -  ( I  I * * ' ] ]  (115)
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and the shear stress is given by;
fc = -p kQ u xz *o ^ (117)

and the shakedown limit (equations 109; may be written;
(118)

The results were checked for two special cases, viz. k=1 
(circular contact) and strip contact of two cylinders;
and the shakedown limits of equations 97 and 112 were con­
firmed. The depths of severest shearing stress found are 
shown in fig.97, and fig.98 shows the variation of shake- 
down limit with oblateness,k. From the figure it may be seen 
that the shakedown limit becomes very large as k becomes 
very small (very elongated contact length parallel with the 
direction of rolling. Under these circumstances the criterion 
of secondary plastic flow, ie. flow upon unloading,becomes 
limiting, so that 2J2^ k  . The shakedown limit correspond­
ing to this inequality is pQ ̂ 8  7T0. Also shown in the 
figure is the variation of elastic limit with oblateness.

It is easy to find the elastic limit when once the 
complete elastic solution is known, using a classical yield 
criterion. However, only limited solutions exist for the 
case of the Hertz problem with an elliptical contact. The 
stresses on the z-axis have been determined by Thomas and 
Hoersch(182) and are expressed in terms of elliptic integrals. 
These could be used to find the elastic limit, but in the 
present investigation the initial spread of plasticity at 
loads up to the shakedown limit was required. Although 
strictly speaking this requires a proper elasto-plastic 
solution, it is usual to accept that provided the plasticity 
is well contained by elastic material the elastic solution 
provides a good estimate of the elastic-plastic boundary.
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Consider fig.99, with the rolling direction now along the 
y-~axis. To determine the elastic limit and the spread of 
plasticity across the groove, attention may still be confined 
to the y=0 plane. Examination of the planes A and B shows 
that Xy = = 0, because of symmetry. Since is
known (equation 117.) the problem reduces to a determination 
of the three direct stresses. One solution is given by 
Ollerton and Morey(26);

_ - k Y " *  (11

T. ■ -  W 7The other stresses must be determined from first principles, 
using the method set out by Thomas and Hoersch( 182;, and by 
Love(181), qq.v.;

%  ’ £ l z',g
where /

? x  f j V . j *  - (121V
y s = ~ \ ^  ' V  (121)•z.

If the assumption is made that the potential, j5, is a
homogeneous ellipsoid; 

r
Z Pf . .  
y-

2__ 2 r  (122)
l+ ^  t  V  >̂ [ U \  f)0>\t)fl

%
whereYis the positive root of the equation;

i 2 z x.| - _JL_ - _ 2 = 0
x  T  ~  VXT~ X  = u  (123)

Bote that this is the same form as equation 115, when y=0,
V*  ^fl.= , Differentiation of equation 122-may now be carried 

a
out for substitution into equations 120 and 121.

r  <xO
c) 4 — ? ̂2. J OJ



where =• ifk. =»

f:L( k \ J - ) :3l%- |
The second derivatives may now be found; 5|

j p C 00 J F  .

7 T ' = J ^ f - 0 Vi6 ^ ) '4 Jz  ^27 )

- - J £ C  ^  ■+ ^  4 ^ 1 2 8 )  1
a*-'- ^

Restricting attention to the y=0 plane, advantage may be
taken of this in writing the last second derivative;

C X P

c ) V  T f  I  J t ^

a<y U29)
where, in equations 127 and 128;

■* i  * '  ^
dz. =  y * * 2 ( ( u v * ) * - *

- •+ — 2--  S  ( (,130 6
*• /. t  v ^ z  J ?i

<=»G>

{ 1 3 1 )

is already known, and the third derivative may be
5/

a W h  j J ? J ;i d V
d z .  I  ^ f  )  d z "dJF7 (1 ^  >

(132)
The integral (I1) of equation 131 may now be written as;

yn c v o  * /* r v n  v  I t

X t r°V 2 d j z ._ 2 f
^ * y > -  ^  ) ^ ( i * ' r t' ) i k x + ' i * y / 'x ( 1 3 3 )

185 "

1
1

oOSimilarly; ^  _ __ j ̂  A ^
<2*- 7 JJJr̂ ltĉ J/Z (k^^y/z (.̂ 25)

v$/  C X D  '-s-jS

<5/  _ —  r ^    (126) i

3i"M:

J

'IIt may now be seen that the evaluation of the <T~ stress v |AA • &:i>
presents very much greater difficulties than the o ~ ^  stress, ^
since the integration of equation 128 in equation 121

''• 4

presents a formidable challenge. The solution for will
be dealt with first, since it may be performed without re­
course to numerical methods.

First note that the relevant equation 121 may be 
integrated by parts, thus;

.H



After several substitutions this transpires to be an
elementary integral whose solution is;

r   ^*4- i L 1 ~~~~J â y *~~J J (1̂4)
where , , m * - < i  n  ?*■+ i - ^ x

^  ^ J  I x * x ) ■  J  I »•'*'+

It will be noted that the solution is restricted to the 
open interval k<Cl, unless the inverse tangent is expanded 
as a series. However, an alternative solution suitable for 
numerical integrationtovera finite interval is;

3 Px, =
r  aif*

The other integrals needed are elliptic and may be solved 
using the method given in Thomas and Hoersch;

-  -

A/I*
oO

  4 ^  = -L  \  F ( 0 , k ' ) -

Hi* L y (136)
<T I

( h u ^ ( k \ ^  ~ w  r “  J 1 w
' w

where
-f P

•iNote t]iat by making the modifications of substituting p 
for k and (ak) for k, the same equations may be used for 
finding the C T stress on the plane x=0.

To find the CT stress on the y=0 plane, it is
necessary to return to equations 121. Integrating by parts 
as before gives the result;

c - o

S i  .  - t £  + U - H -
b Y-X'  b * 2.

In this instance there is no question of being able to
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evaluate the integral (l2) analytically. Instead, a conven­
ient form of the integral was found, so that numerical
integration could^easily he applied, over a finite interval;

f#f/i .tV 4 i ^ H i  J[
i * s ¥

where;

z
(138)

r  - h* Jr.. - c ± - i  
8 -Jl •x +Z.

^ lA~  3 t . ( I -tr

5  = it( u f  (/ - j t £ ) . W A _  u V l jv+
M-y i+*t>[ ( u u - y -  to**.*'!3 K l

Ozj±ll _  C1 ~ 77^:)
[  (  h  u'y_ « [ (<■ , -**•***]*

4  !±

The other integrals present no problems and, as before, may
be written down as elliptical integrals using equations 
136# The solution for 0"^ 0n the y=0 plane may, mutatis
mutandis, be used to find 0 ~ on x=0.

All six stresses are now known on one plane of symmetry, 
Owing to the possibility of an algebraic or computing error 
a check on the solution was thought desirable. This was 
done by estimating the lateral spread of plasticity for 
loads above the elastic limit. Huber’s solution (k=1) and 
Radzimovsky ’ s solution (k-*-«~) were used for comparison, and 
the results are shown in fig. 100. The fit is good, and is 
probably limited by round off error, as a 200-strip integ­
ration was used. With the soluion's accuracy established 
the elastic limit was determined for several values of k 
and these were plotted on fig.98. Since plasticity always 
starts on the z-axis it is immaterial whether the contact 
ellipse lies across or parallel to the direction of rolling,
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as can "be seen. Fig. 100 also summarises the initial extent 
of plasticity for several oblatenesses, for the case of a 
hall rolling in a groove,ie. the shorter axis parallel to. 
the direction of rolling. Shown on the same diagram are the 
shakedown limit, and the extent of the normal residual 
stresses, which will he discussed later. The relative ext­
ents of the inital plasticity zones, for different geometries 
is perhaps worth noting.

In their classic paper, Merwin and Johnson(177J were 
ahle quite accurately to estimate the residual stresses and 
strains occurring when two cylinders are rolled together.. 
They used the Prandtl-Reuss rules to determine what the 
stresses would he if they were forced to return to their 
original dimensions after compression, and then permitted 
some stresses to relax to satisfy equilibrium with the free 
surface. A similar technique was tried for the geometry 
presently under consideration, hut without success. This 
was because insufficient boundary conditions could he found 
to indicate how the material should he allowed to relax 
after compression; the Prandtl Reuss solution itself pres­
ented comparatively few difficulties. A theoretical treat­
ment of the complete residual stress and strain field still, 
therefore, seems too difficult.

A check on the attainment of the shakedown limit was 
thought desirable, and fig.101 outlines the main part of 
the apparatus used. The loading platens are free to move 
vertically only, whilst the sample is oscillated over a 
distance of 2-J- inches, by a Scotch-Yoke arrangement.
Because of the way the halls are arranged, the central ones 
carry a constant load, whilst the others are subjected to
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a linearly varying load. Where possible a dead load was 
used, though for higher contact pressures a loading frame 
had to be used, which meant some variation in applied force 
because of the varying compliance of the apparatus as the 
balls moved to and fro fig. 102 shows load cell). Applied 
loads w e r e  chosen so that initially there was considerable 
plastic deformation, and a  groove was formed, a s  the groove 
develops the contact area increases and so the peak pressure 
falls. At the same time, because of yielding, residual 
stresses develop. Eventually an equilibrium is reached 
when the rolling ball is supported completely elastically, 
and the configuration has shaken down.

At several stations along the groove, width measure­
ments were taken using a Swiss Universal Measuring Instru­
ment (which has a resolution of 0'1/nm). Also, at each point, 
a profile of the cross-section of the groove was taken 
using a Talysurf profilometer. A typical trace, illustrating 
the flow of material to either side of the groove, and the 
continuity of the cross-section, even in the built-up 
ridge, is shown in fig.103. Careful measurements were taken 
from the profile traces and plotted in a normalised form 
so that the shape of the groove could be visualised (fig. 
104). It is clearly parabolic.

Since the contact surfaces were second order, and the 
contact elastic,it seemed reasonable to use Hertzian 
mechanics to analyze the problem. However, it was recognised 
that the presence of subsurface residual stresses was 
probably altering the groove’s profile, and so the measured 
radius was not used in calculations. (Note that Hertzian 
mechanics assumes that a small arc of a circle may adequately
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be represented by a parabola, so no accuracy is lost when
speaking of the "measured radius, It is simply given by 

JL. >
Gr“  W Q ' *

To proceed, it was necessary to assume that the groove 
width was the same as the major axis of the contact ellipse. 
This may not be as bad an approximation as at first appears 
because, as can be seen from fig.103, the built-up ridges 
fall away quite abruptly, and are unlikely to contribute 
much support beyond the groove width. Thus, the load, one 
axis dimension and three principal curvatures are known;

Ball; R 1 = R0 « R
1 2 33 (139;

Groove; Rjj = oo R£ - R&
The second axis dimension and groove radius may be deter­
mined using the standard relations for elliptical contact.
In the usual nomenclature (see Timoshenko and Goodier,ref. 
( 122));

1 1A + B = '
RB 2RG

B - A = 1
(140)

2R0
a = m 3A f B I ^ t U 1)

The auxilliary angle X is introduced, defined by;
cos A = (142)

and the variables m,n and A are related by a table such 
as that reproduced on p.416, ref.(122). An iterative 
solution procedure was adopted. A value of R^ was guessed 
and substituted into equations 140, Then, using equation 
142 a value for X was found. Using the--table mentioned, 
m was determined and substituted into the first of equat­
ions 141, enabling a new estimate of (A+B), and hence R^ 
to be found. The procedure was repeated until convergence
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occurred. As the groove radius conformed more and more to 
the ball (under increasing load) the solution oscillated, 
and some care was required: also, the angle X becomes 
small and an extension of the table cited, due to Kornhauser 
(183) was needed. When and hence \  are known, it is 
simple to find the contact dimensions', and hence the 
peak contact pressure;

po= 2ffab 043)
A complicating factor which arises in the case of real 
materials is strain hardening of the surface layers due to 
plastic flow. This effect is naturally more pronounced 
when greater flow has occurred, and so micro-indentation 
tests were perfomed along the groove centre-line to deter­
mine the 'steady-state1 yield stress. Table 9 summarises 
some of the experimental results obtained for copper 
(chosen because of its large yield strain), and the results 
for the shakedown limit are plotted on fig.98. It seems 
clear that the shakedown limit is reached, though the range 
of geometries which can be tested by this technique is 
rather limited.

As an extension to the conclusions drawn from this 
set of tests, some attempt was made at establishing the 
residual stresses. Since the shakedown results seemed inter­
nally consistent, some reliance might be placed on the 
associated (stress-free) groove radius. Consider fig.105 
which illustrates the stress-free and residually stressed 
grooves. Since the stressed groove is always of a tighter 
radius, it is probable that a tensile residual stress is 
holding the groove down in the centre and an equilibrating 
compressive stress is pushing it up near the edges. Because
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there is no rucking of the surface, there can be no residual 
strain in the rolling direction,ie. £ =0, because any suchv J
strain could not depend on y. It is more difficult to quant­
ify the residual strain in the transverse direction, because, 
although the material is certainly under overall plane strain, 
there is no necessity to prevent individual filaments moving 
in the x-direction. However, to a first approximation, it 
might be suggested that £  ==0, so that the following rel-
ations between the residual stresses and strains exist, in
terms of CT _ ;zzr > ̂ = c- = * * <r^xxr yyr 1-v zzr M

c =e  = 0  £ = ̂ zzr v (1-2*K1+») (144J1e xxr c yyr zzr K (1-v) if

Also, it was assumed that a residual shear stress IIxzr
could establish itself* For a selection of geometries, and

• . -la
with an applied load equal to the shakedown limit, the

uinecessary residual stress distribution to maintain the effect- 
ive stress within von Mises1 yield surface was found. The 
results, summarised in fig. 106, show the largest stress found >13

bemeath the surface. A check was made to ensure there was -m

no secondary plastic flow; this does not occur because
0 as x — 0, where the severest direct stresses xzr 7 r-|

occur, and substituting equations 144 into von Mises'
,:JpS|

criterion gives;
<~~<C 3*03 if V=0-3 045; -jf

■ O /I
It is clear that the residual stresses left are amply large j
enough to propel a crack, as postulated rather earlier.
While such a crack is small, it is probable that the residual 
stresses are dominated by the bulk field, as determined

- vpt

above. As the crack grows, however, the residual stress field



will alter considerably, to accommodate the boundary 
conditions of the crack♦ When this occurs, shear loading 
stresses might be expected to predominate, causing the 
crack to turn towards the free surface.

Returning to the question of the additional depression 
of the groove, the maximum depression, A, j.s given by;

In practice the integral need only be extended a short 
distance beneath the surface, because the residual strains 
are zero further down.

The results are plotted in fig.107. The form of the additional 
depression is approximately parabolic, as might be expected 
from an inspection of fig.105. An expression for-A might 
be found from the same diagram;

Substituting equation 148 into equation 147 permits a check

property. The results are shown in table 9, and are rather 
variable. Probable reasons for this are that the quantity 
quoted is related to a small difference between two large 
quantities (the radii of curvature), and the lack of a 
distinct yield point for copper. This second point also 
hindered experiments on vertical shakedown, but copper is 
ideal from the point of view of having a high 1 yield1 
strain, so that displacements are easily measured.

Pomeroy and Johnson(184) developed a method of finding 
residual strains due to rolling contact loads, but the 
results were not conclusive proof of Johnson1s predicted

A (146)

•Z 0
(147)

(148)

to be made, since ^ ) should be an invariant material
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values (,177,178). Krause and Jiake(185) used X-rays to 
measure residual strains, and noted different “ranges" of 
ordering, analogous to the macro- and micro-stresses found 
in electrodeposits. Any shakedown which had produced short 
range order stresses would he reflected in a hardness test, 
rather than a mechanical deformation technique, as used by 
Pomeroy and Johnson.

Table 9 .  Some Results obtained in Rolling Shakedown Tests
[easuring Groove Load Groove ^0
Station Width

b(mm) PIN) R^(mra)
To E

1 0-494 78-3 6* 10 4*008
2 0-458 73 *8 6-28 4*08 10*3 X 10~5
3 0-429 69-2 6 • 45 4*15
4 0-413 64-7 6-52 4*08 10-4 X 10~5
5 0-381 60-1 6-79 4*18
6 0-364 55-6 6-90 4-13 10-6 X 10~3
7 0*344 51 -0 7*07 4* 12
8 0*312 46*5 7*54 4-21 7*4 X 10~5
9 0*294 41-9 7*77 4* 11
10 0-261 37-4 8 - 64 4*23 5*3 X 10~5
11 0-257 32-8 CX)CVJGO 4*09
12 0-723 111-2 5-54 3*95 6-5 X 10~5

6-3 Vertical Shakedown of two Cylinders
Earlier work on the evaluation of stress intensificat­

ion factors prompted an experimental investigation using 
two thick segments of Perspex, intended "to represent parts 
of two cylinders rolled together. Small holes were drilled 
to ’seed* cracks, and these were placed at the point of



largest S.I.Tk (fig.67), and on or near the axis of symmetry 
where the shear is lower and ’locking’ occurs., It was anti­
cipated that by cyclically compressing the segments together 
in an ’Instron’ test machine the simulated rolling conditions 
would cause the first set of holes to initiate and grow 
cracks, whilst the second set in the locking region would 
initiate cracks which would fail to grow. This is not what 
happened. Cracks seeded in the non-locking region failed 
to grow, whilst those on-axis did grow I Fig.108 shows a 
growing crack, and the principal shear planes, which are 
seen to be at 45°to the plane of the crack. Clearly, tensile 
stresses were being developed, causing the cracks to grow, 
and these were identified using a polariscope,fig.109. The 
discovery and its relation to fracture mechanics work was 
reported (186).

Lawn(187) has discovered a similar effect in indented 
soda glasses, where cracks grow after removal of the load. 
However, it must be stated that the simple loading config­
uration used does not cause the same residual stresses to 
develop as those which would be found beneath a rolling 
cylinder. The stresses actually generated were estimated 
using a novel approach based on deformation plasticity.

The key assumption of deformation plasticity is that 
the effective stress and effective strain values should 
have some fixed relation between them, fig.110. Another 
way of stating this is to say that the total plastic strain 
is proportional to the stress deviator. Although often used 
to model work hardening materials, there is no objection 
to its being used to model an ideally elasto-plastic material. 
If the assumption, now often accepted in contact theory,

200 "



Elevation and ’plan* views of a horizontal crack 
emanating from a drilled hole. The crack3 attained a length 
of about 3-4 times the diameter of the hole before arresting 
owing to a re-distribution of the residual stresses. Further 
support for the importance of residual stresses is the 
observation that the crack has grown further under plane 
stress,where its fracture toughness is higher, but where 
lower constraint means the generation of higher residual
stresses normal to the surface.

Fig.108.
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Applied and residual stress systems of a cracked Perspex 
segment. The dark contours represent lines of constant 
shear and show the classic Hertz distribution with a 
superimposed stress-raising hole. In the neighbourhood of 
the crack/hole the residual stresses are of nearly the 
same magnitude as the applied stresses, but are of opposite 
sign, ie. there is a large tensile stress normal to the 
crack.

Pig.109.
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is made that the strains are given by the extended elastic
strains, the deformation plasticity rules take a very
simple form. Pig.111 shows the yield surface of von Mises 
in Haigh-Westergaard stress space, and the extended elastic

M
stress vector, OA. Since there is some fixed relation M

i-Ji

between the effective stress and effective strain quantities, >4
H

the direction cosines of each must be the same. Thus the ;
■

plastic stress vector, OA' must be collinear with the extended
J • s|

elastic stress vector (which may be looked upon as a 'strain* '1 
vector). Because an ideal elastic-plastic material was fj
assumed, the point A 1 must lie on the yield surface. In

Mpractise then, when once the extended elastic stresses are 
known, all that need be done is to reduce then in proportion

%to each other until von Mises' criterion is just satisfied.
Two segments pressed together were analyzed assuming

Hertzian extended elastic stresses (Perspex is nearly Hookean)-ijifi
and making use of the above result. Elastic unloading was 
performed so that equilibrium was maintained with the free -M 

surface, ana the results of one set of calculations are shown m

■Min fig.112. A steady state condition is only approached and
mis not actually reached. This might be expected from some 

of the rather rough approximations made, the gravest of
"mwhich is probably the use of deformation plasticity when

the loading is not truly proportional. Nevertheless, the ;vff
' M

results are adequate to show the development of a considerable |l
. 9tensile stress, easily capable of propelling a crack, and j

the creation of compressive stresses further from the centre- 
line, which would hinder the growth of cracks in the shear 
zone. I n  examination of the results found from the approximate 
analysis bears comparison with the experimental results of

■ - H
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Johnson( 188).
6.4 Vertical Shakedown of a Ball

Though amenable to a similar treatment to that used 
in the previous section, this problem was tackled using 
standard incremental plasticity, for improved accuracy.
It was first brought to the fore by Dr Ruff of the National 
Bureau of Standards, Washington, who had used a single 
indentation to try and calibrate a SEIvl modified for SAGP 
v/ork (20). There are, of course, great difficulties assciat- 
ed with attempting an analysis of elasto-plastic indentation 
by a rigid ball, and only finite element studies have so 
far been completed (189,190). The repetition of such 
calculations did not seem a very satisfactory calibration 
technique. In his classic paper, Tabor(191) postulated that 
the unloading of hardness test ball was elastic, but later 
Johnson proved ingeniously that plastic flow also occurred 
upon unloading (192). However, after several loadings it 
was thought that a completely reversible elastic state 
persisted throughout the operation. Therefore it must have 
shaken down.

Since the residual stresses persisting after shakedown 
would provide a very adequate calibration, this problem 
was pursued. First, the actual shakedown limit was found.
The on-axis stresses beneath a ball under elastic conditions 
have been quoted earlier (equations 21). Converting these 
into spherical and deviatoric components gives;

(1+o) ( 1-z*cot~^ z*)
po

366 srr 1 1 1 /. .\ / * J.-1 so..--- - - - (1 + o) (1-z*cot z*) = —
po po 1+z* 5 po (149)

g  g

 — p + i (1+v)(.1-z*colf 1z*) = -2 ~
po 1+z* 3 W
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As a "ball is pressed into a flat ideally elasto-plastic 
semi-infinite space, the stresses are given by equations 
149 until the elastic limit is reached, ie. until;

j2= i(4r+ 4&+ sL> =3 4 = dso)
or so 1 

to ^

Subsequently, the stresses will be given by the Prandtl-
Reuss rules. In a private communication, Professor K'.l.
Johnson provided some notes showing that, during subses-
quent loading, ds

  = 0 ,ie. that the stresses were
dz* constant.

Thus, in the plastic zone,;
cr 2<r

srr= szz= 0 5 0
The extent of the residual stresses, upon unloading, is
given by the roots of the equation;

0 = ~ ~(i+y;(i~z*cot~1z*) + j  ~“ ~2 U52)
and the magnitude of the residual stresses is found by 
subtracting the value given by equation 149 from that 
given by equation 151.

A possible shakedown limit is the onset of secondary 
plastic flow upon unloading. The stresses during the 
unloading phase are given by;

< r - = 2 B - 2 | o  053)
y zz o V3

Secondary flow will occur when these stresses exceed von 
Mises1 criterion, ie;

J2= = £ o  (154)
2 ^ o

ie- so= W ~
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This corresponds to a load given by;

5*54 (155)

To test this possible shakedown limit experimentally, a 
hardened steel ball, 10 mm diameter, was repeatedly 
pressed into a mild steel block, using an 'Instron’,for 
100 cycles, using a range of loads, but all above the 
elastic limit. The impressions were then measured,as in 
the rolling ball experiment, and the results are shown 
in table 10.
Table 10 Results of Vertical Ball-shakedown Tests
Station P(kN) Dia^mm) V.H.N • P0( M  ) 2 Pq

Impression mm ^0
1 0*823 0*870 213 2*078 5*14
2 1*357 1 *090 213 2*175 5*38
3 2-346 1*342 233 2*488 5*63
4 2*624 1 *484 221 2*276 5*43
5 3*899 1*777 221 2*342 5*59
6 4*537 1 *965 215 2*224 5*45
7 5*026 2*068 213 2*221 5*50
8 5*871 2*203 215 2*285 5*60

Mean 5*46
The shakedown limit guessed therefore seems to
A major source of error was the susceptibility

46 + 0*15

loading machine to changes in the specimen compliance: 
as shakedown occurred the arrangement became stiffer, 
and consequently the load applied fell slightly.

It might be worthwhile, here, to contrast the result 
obtained with hardness. Dieter(89) quotes the relation
between the mean contact pressure, p , and yield stress
as; p = 2 * 66 cr rm o (155)
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whereas the shakedown limit proposed is equivalent to;

fpo=2,15dro U56)
The main difference "between the two load arrangements is
that under shakedown conditions the pressure distribution
is Hertzian, whereas under hardness test conditions the
contact pressure is rather more uniform, since the ball is
supported on almost fully plastic material.

The complete residual stress field is now considered.
First the stresses produced as the half-space is loaded
must be found, within the elastic region these will be
given by equations 149.Subsequently, they will be determined
by the Prandtl-Reuss rules. It will be necessary to adopt
several modifications to the usual symbols,viz.;

Denotes quantity evaluated when system is on the point
of yield

* Dimension normalized with respectto the current radius
of contact

^ Quantity normalized with respect tc the yield in pure
shear

e As a superscript denotes extended elastic quantity 
If a fixed point is chosen beneath the surface, this may
be denoted by; r z

~  a *  ~ &  1157)
Note that; pQ

a <<
„ A A  /s
Henoe> po a . . „ Po * . Po= -  and r»- r* f  Z*= g *  f ~ (1

Von Misesf criterion may be written in terms of normalized
variables as (noting *£ = ^#z=0)?

i(s2«+s2 +s2 )+£2 = (159)&o rr zz' rz v '

Consider now the Prandtl-Reuss equations, given by Prager 
and Hodge in the form (195);

where W = $ [ a l ±x®ii] +r£z**
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In these equations, the extended elastic strains have been 
substituted for the plastic strains, following Merwin and 
Johnson(177). This sweeping simplification is permissible 
if the elastic limit is not greatly exceeded. Also, the 
dot over some quatities denotes a variation with respect 
to time. Two sets of manipulations enable the problem to 
be cast in a simpler form;
A. Note that; s?^ = s®.(r*,z*,pQ) (equations 110)
Therefore;

l e - _ dr* ^3ii dz* i sii dpo ^siiii dt dt ar* dt <5 z* dt  ̂pQ (161)

Ar* _ d frl . r* dpo dz* _ d fz) z* dpo
dt dtla) dt dt ~ dt la; p dtro f o

Therefore;
Sei= f - J -  &  + -  &  } + ^ (162)

A similar relation exists for the shear stress, rCr z *

B. Return to the flow equations,160.
The following relations exist for the elastic quantities, 
from Hooke's Law;

2G-e; . =s?. G t f *  = t c (163)11 H  rz rz v ^ '

By making use of these identities, the flow rules may be 
written in a form which obviates the need to determine the 
strains explicitly;

J j i - r . f i  « « >

9,rt z
Note, further, that the time derivative of the plastic
stress is a total derivative, so that;

d s p  nif _ dpo d^ii
dt dt d$ ' ^ro

The flow rules may now be re-written in a form suitable 
for solution by a numerical technique:
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ag
where;

, n-Pd ii rrf  -Vfl] g? -trM-*. !.}
^e ' * b

And; f r* ^bii z* ^sii], ) siiis f r* ^bii z* <2sii]
*ii - -j jr* + J z* 7+ T~zsr

n

(166)

o

The deviatoric stresses at the point of yield, as the load
is incremented, provide the starting point for the solutions.
Subsequently, the Runge-Kutta method may he used to solve
equations 166, and hence describe the plastic stresses. At
first, it was thought that the contact pressure to which the
stresses should be taken was given by the shakedown-limit,
equation 155,but because of the truncation of stresses by
plastic flow, equilibrium with the shakedown load is no
longer satisfied. Thecomputer programme written to solve
the overall problem was therefore modified so that for each
depth, a check was made so that the sum of the < r „ „ stresseszz
was in equilibrium with the intended load. Thus, to support

Poa true load of —  = 5*54, a larger extended elastic load 
was applied, determined by iteration. When this had been 
achieved, the system was permitted to unload elastically. 
Note that during this process the contact patch decreases, 
so that care is required in calculating the * unload1part of 
the stress trajectory.

The residual stresses predicted are shown in fig.113, 
whilst the stress trajectory for a sample point projected 
onto the deviatoric plane (see Hill(194)) is given in fig. 
114. There will inevitably be some inaccuracy, mainly caused 
by assuming that the strain field is unmodified by a small 
excursion into the plastic regime. This will lead to a re­
distribution of the contact pressure during the first
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loading or two, but will not affect subsequent loadings 
very much. The same assumpi5.cn also leads to the (incorrect) 
conclusion that shakedown will be complete after just one 
loading, and it is directly responsible for having to 
assume a strain field associated with an artificially high 
contact pressure, to maintain equilibrium. Notwithstanding 
these objections, the assumption of identical strain fields 
under elastic and elastic-plastic loads is the best way 
available at the moment to solve this type of problem, and 
the residual stress field should not be greatly in error.
It is regrettable that, except at the point of severest 
stress, the residual stress field needed to contain the 
material within the yield surface is not unique, for such 
a uniqueness would enable the exact solution to be found.



7. Conclusions

Even with some of the sweeping simplificatlais made 
at the beginning of the thesis, it is difficult to draw 
general conclusions from what has been deduced about the 
remaining variables.If fracture mechanics is accepted as 
a possible explanation for wear (and the evidence is still 
rather tentative), the two phases of particle detachment 
must be considered separately.

During the initiation stage, it is reasonable to 
split the stress system into deviatoric and spherical 
components, and to say that both contact loads and any 
static residual stresses contribute to both parts. The 
spherical or average stress then controls the materialfs 
ductility, whilst the deviatoric stress governs the 
tendency towards plasticity, or the separation of any 
second phase particles from the matrix. The sensitivity 
of the material to a reduction of deviatoric stress would 
appear to depend greatly on the shape of second phase 
particles present (though not on their size); flake-like 
inclusions cause so much stress raising that a reduction 
of shear is of little benefit.

When well developed cracks are present, it would be 
better to split the stress system up in a different way,
viz.; 1. Stress component normal to the crack.

2. Stress component in shear parallel with the crack.
3. Remaining.direct stresses parallel with the crack.

The influence of stresses(1) & (2) can be quantified, 
but the influence of (3), which for wearing surfaces is 
often considerable, cannot at present be found. It is clear 
that (1) only causes crack growth when positive, and that



very negative values of normal stress inhibit shear growth 
by stresses (2).

Unfortunately, in a real wearing material, cracks are 
present which are growing in each phase contemporaneously.
It is difficult to devise experiments which split up the 
life of a crack into each part, since they are so inter­
dependent. It would appear that a residual compressive 
stress in-plane with the cracks (ie. parallel to the surface) 
would,ceteris paribus, be beneficial, since it both reduces 
the deviatoric stress, and makes the spherical stress more 
negative. Regretably its influence on crack growth rate is 
unknown.

When loading is strictly two-dimensional, the shake- 
down stresses are beneficial, since they always reduce 
plasticity to the absolute minimum. This is really an 
example of Le Ohatelier's principle: putting in stresses 
before wear can reduce the initial plasticity, but the 
ideal stresses develop eventually. It is uncertain whether 
serious damage is done to the surface'before shakedown is 
complete. Under three-dimensional conditions, the shake- 
down stresses are much more difficult to predict, but it 
seems highly probable that in the equilibrium .state tensile 
stresses remain which are normal to the surfa.ce, and which 
encourage cracks to grow. Therefore, when the wearing pair 
are loaded to some point between the elastic and shakedown 
limits, the inclusion of in-plane compressive stresses 
could well be beneficial, since they would prevent the 
normal tensile stress from developing.

It is usual to suggest avenues of further work, and 
many present themselves. First, it would seem pointless



to make the fracture model more sophisticated until it has 
been confirmed experimentally that fracture mechanics is 
applicable under such odd loading. Dr R.A.Smith of Cambridge 
University is currently working on this, but there is a vast 
amount of work to be done. Also, more data are needed on 
combined mode crack growth in conjunction with cumulative 
damage criteria, before realistic crack growth rates can be 
predicted with any certainty.

Information is also needed on very short cracks, where 
fracture mechanics under-estimates the growth rate, and on 
the effect of an in-plane stress on propagation. To obtain 
actual volume wear rates, it will also be necessary to 
form a model of the number of cracks growing at any time, 
and on their stage of development.

Some progress has been made on the shakedown limits of 
a few simple geometries, but one which remains is that of 
a shear and normally loaded elliptical contact patch, such 
as that found beneath a locomotive wheel.High oblateness 
ellipses need also to be considered in greater detail. 
Ultimately, it oughtto be possible to take work-hardening 
and the Bauschinger effect into account, some progress is 
being made in this area by Professor Ponter of Leicester 
University.
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A b s t r a c t  A n  a u t o m a t e d  b e n t - s t r ip  m e t h o d  f o r  a s s e s s in g  
t h e  i n t e r n a l  m a c r o s tre s s e s  in  e le c t r o d e p o s it s  is  d e s c r ib e d .  
T r u e  n u l l  d e f le c t i o n  o f  t h e  s t r ip  is  m a i n t a i n e d  a n d  a n  
e le c t r ic a l  o u t p u t  is  a v a i l a b l e  w h i c h  c a n  b e  r e c o r d e d  
c o n t in u o u s ly ,  a n d  p ro c e s s e d . A  m o d i f ie d  c a l i b r a t i o n  
t e c h n iq u e  is  d e s c r ib e d .

1  In t r o d u c t io n
M a c r o s t r e s s e s  in  d e p o s its  a r e  o r d e r e d ,  l o n g - r a n g e  fo r c e s  
w h ic h  t e n d  t o  d is t o r t  t h i n  c o m p o n e n t s .  O f  a p p a r a t u s  d e s ig n e d  
t o  m e a s u r e  t h e m ,  t h e  m a n u a l  H o a r  a n d  A r r o w s m i t h  ( 1 9 5 7 ,  
1 9 5 8 - 9 )  m e t h o d  is  f u n d a m e n t a l l y  t h e  m o s t  a t t r a c t i v e  s in c e  
t h e  e la s t ic  c o n s t a n t s  o f  t h e  s u b s t r a t e  d o  n o t  n e e d  t o  b e  
k n o w n .  L i t t l e  r e l a x a t i o n  o f  t h e  d e p o s it  is  p e r m i t t e d  a n d  t h e  
a p p a r a t u s  is , in  p r in c ip le ,  f r ic t io n le s s .  T h e  s p e c im e n s  a r e  
m u c h  e a s ie r  t o  m a k e  t h a n  th o s e  f o r  its  m a i n  r i v a l ,  t h e  B r e n n e r  
a n d  S e n d e r o f f  ( 1 9 4 9 )  s p i r a l  c o n t r a c t o m e t e r .

A u t o m a t e d  s tre s s  m o n i t o r s  h a v e  b e e n  d e s c r ib e d  b y  K o c h  
et al ( 1 9 7 6 )  a n d  S y k e s  et al ( 1 9 7 0 ) ,  t h o u g h  b o t h  la c k  t h e  
a c c u r a c y  o f  t h e  H o a r  a n d  A r r o w s m i t h  m e t h o d .  T h e  a p p a r a t u s  
d e v e lo p e d  c o m b in e s  t h e  a c c u r a c y  o f  t h e  la s t - m e n t io n e d  
t e c h n iq u e  w i t h  t h e  c o n v e n ie n c e  o f  a u t o m a t e d  m e t h o d s .

F ig u r e  2  T h e  m o d i f ie d  a p p a r a t u s .  N o t e  t h a t  t h e  t h i n  
a n o d e  s t r ip  is  h e ld  e n c a s t r e  in  t h e  b a s e  p la t e .

a  b r id g e  t o  c o n t r o l  t h e  r a t i o  o f  c u r r e n t s  in  t h e  s o le n o id s  
( f ig u r e  3 ) .  H e n c e ,  a n y  t e n d e n c y  o f  t h e  s t r ip  t o  m o v e  f r o m  
t h e  n u l l  p o s i t io n  r e s u lts  i n  a  r e d i s t r i b u t i o n  o f  t h e  s o le n o id  
c u r r e n t s  t o  c o r r e c t  t h e  m o t i o n .  T h e  l o o p  g a in  is  d e t e r m in e d  
b y  a  v a r i a b l e ,  r e s is t iv e  f e e d b a c k  e l e m e n t  s in c e  a d d in g  a  
c a p a c i t iv e  t e r m  le d  t o  in s t a b i l i t y .  T h e  t o t a l  c u r r e n t  t h r o u g h  
t h e  d r i v e r  t r a n s is t o r s ,  a n d  h e n c e  t h e  s o le n o id ,  is  l i m i t e d  b y  
a  r e s is t o r  i n  t h e  c o m m o n - e m i t t e r  a r r a n g e m e n t .  T o  a d ju s t  
t h e  o p e r a t in g  p o in t ,  t h e  p o t e n t i a l  o n  o n e  b a s e  m a y  b e  v a r ie d .  
A  r e c o r d e r  o u t p u t  is  t a k e n ,  v i a  a  lo w - p a s s  f i l t e r ,  f r o m  t h e

2  A p p a r a t u s
A  s ig n i f ic a n t  o b je c t io n  t o  t h e  u s e  o f  a n  o p t ic a l  le v e r  t o  d e t e r ­
m i n e  t h e  n u l l  p o s i t io n ,  p o i n t e d  o u t  b y  P e r a k h  ( 1 9 7 4 ) ,  is  
t h a t  t h e  e q u i l i b r i u m  p o s i t io n  is  n o t  u n iq u e ly  d e t e r m in e d  
( f ig u r e  1 ) .  T h e  i m p r o v e d  in s t r u m e n t  u s e s  a  l i g h t  b e a m  s h o n e  
a c ro s s  t h e  p la n e  o f  s w in g  o f  t h e  s t r ip ,  w i t h  a  p a i r  o f  c lo s e ly

S ensor
t z
cz

Poss ib le
s tr ip
a ttitu d e s

777777
F ig u r e  1  D i a g r a m  o f  o p t i c a l  le v e r  s h o w i n g  la c k  o f  
u n iq u e n e s s  in  n u l l  p o s i t io n .

m o u n t e d  p h o t o t r a n s is t o r s  in  t h e  s h a d o w  o f  t h e  s t r ip  ( f ig u r e  
2 ) .  T h e  a p p a r a t u s  is  im m e r s e d  i n  a  t a n k  s o  t h a t  t h e  e l e c t r o ly t e  
le v e l  is  j u s t  b e lo w  t h e  s o le n o id s .  S in c e  d e p o s i t  is  l a i d  d o w n  
o n  o n e  s id e  o f  t h e  s t r ip  o n ly ,  a n y  b u i l t - i n  s tre s s  w i l l  c a u s e  
t h e  a n o d e  t o  b e n d ,  c o v e r in g  o n e  p h o t o t r a n s is t o r  m o r e  t h a n  
t h e  o t h e r .  T h e  o u t p u t  f r o m  e a c h  p h o t o t r a n s is t o r  is  u s e d  in
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F ig u r e  3  C i r c u i t  d ia g r a m  o f  c o n t r o l l e r .  A :  d is c o n n e c t  f o r  
m a n u a l  o p e r a t i o n ;  B - B :  r e c o r d e r  o u t p u t .

d i f f e r e n c e  o f  t h e  c o l le c t o r  v o l t a g e s .  T h e  f i l t e r  is  n e c e s s a ry  
b e c a u s e , i n  p r a c t ic e ,  t h e  s t r ip  o s c i l la te s ,  o w in g  t o  t h e  f i n i t e  
s iz e  o f  t h e  s e m ic o n d u c t o r  c h ip s  a n d  t h e i r  s e p a r a t io n .  A  
l i m i t  c y c le  is  q u ic k ly  e s t a b l is h e d  w h o s e  a m p l i t u d e  is  p a r t l y  
c o n t r o l l e d  b y  t h e  v is c o u s  d a m p i n g  o f  t h e  b a t h :  t h e  a m p l i t u d e  
is  a b o u t  2  m m  a n d  p r o v id e s  e n o u g h  a g i t a t i o n  t o  r e d u c e  
s i g n i f ic a n t ly  t h e  p o r o s i t y  o f  t h e  p la t e .

A n o t h e r  s m a l l  i m p r o v e m e n t  is  t o  f i t  a  s p l i t  a r m a t u r e  
w h i c h  c la m p s  a c ro s s  t h e  s t r ip ,  o b v i a t i n g  t h e  n e e d  t o  s o ld e r  
o r  g lu e  t h e  a r m a t u r e  i n  p la c e ,  a n d  f a c i l i t a t i n g  a l ig n m e n t  o f  
t h e  s t r ip .
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3  C a l i b r a t io n
T h i s  w a s  d o n e ,  n o t  b y  a d d in g  w e ig h ts  t o  t h e  s t r ip  a s  c o m m o n l y  
s u g g e s te d  in  t h e  l i t e r a t u r e ,  b u t  b y  g r a d u a l l y  t i l t i n g  t h e  a p ­
p a r a t u s  o v e r .  C o n s id e r in g  t h e  b e n d in g  lo a d  t o  c o n s is t  o f  
t h e  d is t r ib u t e d  s e l f - w e ig h t  o f  t h e  s t r ip  a n d  t h e  w e ig h t  o f  t h e  
a r m a t u r e ,  t h e  d e f le c t io n  d u e  t o  th e s e  fo r c e s  m a y  b e  p u t  
e q u a l  t o  t h e  d e f le c t io n  d u e  t o  t h e  r e s t o r in g  f o r c e  a l o n e :

F=g  s in  0 ( i  m i  +  m2)
w h e r e  m i  is t h e  m a s s  o f  t h e  s t r ip  a n d  m 2 is  t h e  m a s s  o f  t h e  
a r m a t u r e .

4  C o n c lu s io n
T h e  a p p a r a t u s  is  le ss  t e d io u s  t o  u s e  t h a n  a  m a n u a l l y  o p e r a t e d  
e q u iv a le n t ,  a n d  h a s  t h e  s a m e  a c c u r a c y .  T h i s  is  s h o w n  b y  
d is c o n n e c t in g  t h e  b r id g e  a t  p o i n t  A  ( f ig u r e  3 )  a n d  m o n i t o r i n g  
i ts  o u t p u t  o n  a  v o l t m e t e r .  T h e  b a s e  p o t e n t ia l  is  m a n u a l l y  
a d ju s t e d  w i t h  a  p o t e n t io m e t e r  t o  m a i n t a i n  t h e  s a m e  r e a d in g .  
T h e  c u r v e  o b t a in e d  is  v e r y  s i m i l a r  t o  t h a t  o b t a in e d  in  a n  
a u t o m a t i c  r u n ,  b u t  is s m o o t h e r  ( f ig u r e  4 ) .  T h e  o u t p u t  t o  t h e  
r e c o r d e r  is n e a r ly  l in e a r  w i t h i n  t h e  w o r k i n g  r a n g e ,  i .e .  f o r  
— 5 5 0  <  <j r v <  5 5 0  ( N  m m ' 2) .

Manual run

Automatic run

4 0 0 8 0 0 1200

Time ( s }

F ig u r e  4  A  c o m p a r is o n  o f  t h e  r e s u lts  o b t a in e d  u s in g  th e  
c o n t r o l l e r  a n d  b y  a d ju s t in g  t h e  s o le n o id  c u r r e n t  r a t i o  
m a n u a l ly .

A c k n o w le d g m e n ts
T h e  a u t h o r s  w o u ld  l i k e  t o  e x p re s s  t h e i r  t h a n k s  t o  M r  P J  
T h o m p s o n  f o r  t h e  p r o v is io n  o f  l a b o r a t o r y  f a c i l i t ie s .  T h a n k s  
a r e  a ls o  d u e  t o  M r  B  P a t t e r s o n  f o r  t e c h n ic a l  a s s is ta n c e .
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A B S T R A C T IN T R O D U C T IO N

I t  i s  w e l l  k n o w n  t h a t  s u r f a c e  t r e a t m e n t s  s u c h  a s  
s h o t - p e e n i n g ,  b a l l  b u r n i s h i n g  w h i c h  p r o d u c e  h a r d e n e d  
c o m p r e s s i v e  s u r f a c e  l a y e r s  e f f e c t  i m p r o v e m e n t s  i n  
w e a r  r e s i s t a n c e .  T h e  h a r d e n i n g  m e c h a n i s m  i s  s a i d  t o  
r a i s e  t h e  y i e l d  p r e s s u r e  s o  t h a t  t h e  c o n t a c t  s t r e s s e s  
a r e  b e l o w  t h i s  v a l u e .  O f t e n  i t  i s  a s s u m e d  t h a t  t h e  
r e s i d u a l  c o m p r e s s i v e  s t r e s s e s  a r e  b e n e f i c i a l  b e c a u s e  
o f  t h e i r  a b i l i t y  t o  h i n d e r  t h e  p r o p a g a t i o n  o f  s u r f a c e  
f a t i g u e  c r a c k s .  T h i s  p a p e r  e x a m i n e s  q u a n t i t a t i v e l y  
t h e  e f f e c t  o f  p r e - e x i s t i n g  s u r f a c e  s t r e s s e s  o n  w e a r ,  
a n d  a r r i v e s  a t  t h e  c o n c l u s i o n  t h a t  i t  m a y  b e  a  
m o d i f i c a t i o n  o f  t h e  f a i l u r e  m o d e  w h i c h  i s  t h e  i m p o r t a n t  
c o n t r o l l i n g  i n f l u e n c e ?  c o m p r e s s i v e  s t r e s s e s  c a u s e  
d u c t i l e  b e h a v i o u r  w h i l s t  t e n s i l e  s t r e s s e s  e n c o u r a g e  
c r a c k i n g .

T h e  e f f e c t  o f  s h a k e d o w n  o n  p r e - e x i s t i n g  s t r e s s e s ,  
a n d  t h e  i n t e r d e p e n d e n c e  o f  m e a s u r e d  h a r d n e s s  a n d  
s t r e s s  a r e  d i s c u s s e d .  T h i s  i n d i c a t e s  t h e  d i f f i c u l t y  
o f  a s s e s s i n g  t h e  t r u e  y i e l d  s t r e s s  o f  t h e  m a t e r i a l .

E x p e r i m e n t a l  w o r k  u s i n g  a n  e l e c t r o p l a t e d  l a y e r  
w h e r e  t h e  l o c k e d  i n  s t r e s s e s  c a n  b e  c o n t r o l l e d  a n d  
m e a s u r e d  i s  p r e s e n t e d .  T h e  r e s u l t s  t e n d  t o  c o n f i r m  
t h e  s u g g e s t i o n ,  m a d e  a b o v e ,  c o n c e r n i n g  f a i l u r e  m o d e .

N O M E N C L A T U R E

z ’  r  9
a

t

-  b u i l t  i n  s t r e s s  i n  e l e c t r o d e p o s i t

-  c o n t a c t  s t r e s s e s

-  r a d i u s  o f  c o n t a c t

-  i n s t a n t a n e o u s  t h i c k n e s s  o f  d e p o s i t

o x x ,& c  T , & c  -  c o m p l e t e  s t r e s s e s  u n d e r  a  r o l l e r

s  , & c  s  ,& c  -  d e v i a t o r i c  s t r e s s e s  u n d e r  a  r o l l e rx x  x y
J -  2 n d .  i n v a r i a n t  s t r e s s  d e v i a t o r  

t e n s o r  f o r  d e p o s i t  s t r e s s e s

O g  -  s p h e r i c a l  c o m p o n e n t  o f  c o n t a c t
s t r e s s e s

q Q -  m a x im u m  c o n t a c t  p r e s s u r e

o  -  y i e l d  s t r e s sy
-  f a t i g u e  l i m i t

-  u l t i m a t e  t e n s i l e  s t r e s s

-  c o n s t a n t s

-  s t r e s s  d i f f e r e n c e

f l
cr . u t s
A , B , k

A

S u r f a c e  t r e a t m e n t s  a r e  p o p u l a r  i n  t h e  i m p r o v e m e n t  
o f  w e a r  c h a r a c t e r i s t i c s  o f  s u r f a c e s .  B e c a u s e  t h e y  a r e  
t h i n  t h e y  a r e  u s u a l l y  n o t  t o o  e x p e n s i v e ,  a n d  t h e  
i n t e r i o r  p r o p e r t i e s  d o  n o t  h a v e  t o  b e  c o m p r o m i s e d :  a
t o u g h  c o m p o n e n t  m a y  b e  g i v e n  a  h a r d ,  t h o u g h  b r i t t l e ,  
f i n i s h .  R e v i e w s  o f  s o m e  p o s s i b l e  t r e a t m e n t s  h a v e  b e e n  
m a d e  b y  H u r r i c k s  ( 1 )  a n d  S m a r t  ( 2 ) .  T h e  o b j e c t  o f  t h i s  
p a p e r  i s  t o  e x a m i n e  t h e  e f f e c t s  o f  a  b u i l t  i n  s t r e s s ,  
s u c h  a s  t o  b e  f o u n d  a f t e r  e l e c t r o p l a t i n g ,  s h o t -  
p e e n i n g ,  b u r n i s h i n g ,  f l a m e  s p r a y i n g  o r  p l a s m a  
s p r a y i n g .  I t s  a f f e c t  o n  w e a r  a n d  i t s  i n t e r d e p e n d e n c e  
w i t h  h a r d n e s s  w i l l  b e  a s s e s s e d .

F i r s t  l e t  u s  c o n s i d e r  t h e  i n f l u e n c e  o f  t w o  
p r o c e s s e s  w h i c h  d o  n o t  r e q u i r e  t h e  l a y i n g  d o w n  o f  
e x t r a  m a t e r i a l ,  v i z .  s h o t - p e e n i n g  a n d  b a l l - b u r n i s h i n g .  
B o t h  i n v o l v e  p l a s t i c  w o r k i n g  o f  t h e  s u r f a c e ,  w h i c h  
t h e r e f o r e  r a i s e s  t h e  y i e l d  s t r e s s ,  t h e r e b y  p e r m i t t i n g  
h i g h e r  s u b s e q u e n t  l o a d s  t o  b e  c a r r i e d  u n d e r  s l i d i n g  
o r  r o l l i n g  c o n d i t i o n s  w i t h o u t  s u b s u r f a c e  y i e l d i n g .  A  
s e c o n d  a n d  e q u a l l y  i m p o r t a n t  e f f e c t  i s  t h e  g e n e r a t i o n  
o f  a  r e s i d u a l  c o m p r e s s i v e ,  b i a x i a l  s t r e s s .  A s  w i l l  
b e  s h o w n ,  t h i s  r e s i d u a l  s t r e s s  a l l e v i a t e s  t h e  s t r e s s e s  
e x p e r i e n c e d  d u r i n g  c o n t a c t  l o a d i n g ,  a g a i n  p o s t p o n i n g  
t h e  o n s e t  o f  y i e l d .

W e a s s u m e  t h a t  t h e  p r e s e n c e  o f  a  s u b s u r f a c e  
r e g i o n  o f  p l a s t i c i t y  i s  a  k e y  f e a t u r e  o f  w e a r ,  s i n c e  
i t s  d e p t h  a l w a y s  p l a y s  a  r o l e  i n  t h e  d e t a c h m e n t  o f  
w e a r  p a r t i c l e s .  M u c h  w o r k  h a s  b e e n  d o n e ,  p a r t i c u l a r l y  
o n  b e a r i n g s  ( f o r  e x a m p l e  s e e  O l l e r t o n  (3 > )  ) ,  a n d ,  
w h i l s t  i t  i s  s t i l l  n o t  c o m p l e t e l y  r e s o l v e d  w h e t h e r  
c r a c k s  a r e  s u r f a c e  o r  s u b s u r f a c e  i n i t i a t e d  u n d e r  
r o l l i n g  c o n d i t i o n s ,  t h e y  i n v a r i a b l y  p a s s  t h r o u g h  t h e  
p l a s t i c  z o n e ,  o r  z o n e  o f  m a x im u m  s h e a r .  D i s l o c a t i o n  
m o v e m e n t  w i t h i n  a  p l a s t i c  z o n e  e x p e n d s  m u c h  e n e r g y .  
A l s o ,  i f  t h e r e  a r e  d e f e c t s  p r e - e x i s t i n g  i n  a  m a t e r i a l ,  
“ h i s  p r o v i d e s  t h e  o p p o r t u n i t y  f o r  t h e m  t o  c o a l e s c e  
i n t o  a n  e m b r y o  c r a c k .

E x p e r i m e n t a l  w o r k  h a s  s h o w n  t h e  b e n e f i c i a l  
e f f e c t s  o f  s h o t - p e e n i n g  (Jj_) a n d  b a l l - b u r n i s h i n g  ( j j ) .
W e s h a l l  n o w  e x a m i n e  t h e  p u r e l y  e l a s t i c  s t r e s s  f i e l d  
w h i c h  m i g h t  b e  e x p e c t e d  t o  o b t a i n  b e t w e e n  r e l a t i v e l y  
l i g h t l y  l o a d e d  s u r f a c e s ,  e g .  r e l a y  c o n t a c t s  o r  c a m  
f o l l o w e r s ,  t o  q u a n t i f y  t h e  e f f e c t .

A L L E V IA T IO N  O F  C O N T A C T  S T R E S S E S

T h e  e x a c t  f o r m  o f  t h e  b i a x i a l  s t r e s s  a s s u m e d  i s  
n o t  c r i t i c a l ,  b u t  w e  w i l l  u s e  t h e  K u s h n e r  m o d e l  o f  
s t r e s s  f o u n d  i n  e l e c t r o p l a t e s  ( _ 6 ) ,  t o  f a c i l i t a t e
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1

c o m p a r i s o n  w i t h  e x p e r i m e n t ,

oQ = A + B.(1 k . t ) . e - k t (1)
V y e  n o w  u s e  t h e  H e r t z  s o l u t i o n  f o r  c o n t a c t i n g  b a l l s  t o  
i m o d e l  t h e  s o l u t i o n  i n  a n  e l a s t i c  h a l f  s p a c e .  I n  t h e  

• " ' c o o r d i n a t e  s y s t e m  o f  F i g .  1 ;
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f

*
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I  
■4;
V 
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^ F i g .  1 C o o r d i n a t e  s y s t e m  u s e d

j i  N o t e  t h a t  t h e  s t r e s s e s  d u e  t o  c o n t a c t  l o a d i n g  
' a r e  a l l  n e g a t i v e ,  a n d  t h a t  t h e  a b s o l u t e  v a l u e  o f  a  
V i s  a l w a y s  g r e a t e r  t h a n  o ^ .  F o r  s i m p l i c i t y ,  w e  m a y  

t e m p o r a r i l y  a s s u m e  T r e s e s ' s  c r i t e r i o n ,  i . e .
flr

s // a 2 a = - q  .a /(.a  +  z Z X)
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k cr <: a (*0z r  | '  y

* > I t  i s  c l e a r ,  t h e n ,  t h a t  t o  b e  b e n e f i c i a l  t h e  s t r e s s  
o f  e q n  ( 1 )  m u s t  b e  c o m p r e s s i v e ,  a s  i t  i s  i n  

^ b u r n i s h i n g  a n d  p e e n i n g .  F i g .  2  i l l u s t r a t e s  t h e  t w o  
i e x t r e m e  c a s e s  o f  e l e c t r o d e p o s i t  s t r e s s  a t t a i n a b l e  ( i n  

t h i s  c a s e  f o r  n i c k e l ) ,  w h i l s t  F i g .  3  s h o w s  t h e  
*1

- 1*0 LOCKED IN STRESS(q/Oy 10
i 0

1
0-5

1-0

k
i

/

1-5 (s. .

i f Z(  x1/a

2  M o s t  t e n s i l e  a n d  m o s t  c o m p r e s s i v e  s t r e s s e s  
a t t a i n a b l e  i n  n i c k e l  p l a t e .
D o t t e d  l i n e  r e p r e s e n t s  i n t e r f a c e  b e t w e e n  
s u b s t r a t e  a n d  e l e c t r o d e p o s i t .

s t r e s s e s  d u e  t o  c o n t a c t  l o a d i n g ,  w i t h  t h e  h i g h e s t  
c o m p r e s s i v e  s t r e s s  p r a c t i c a l l y  r e a l i s e d ,  s u p e r i m p o s e d .  
I n  F i g .  k a r e  p l o t t e d  t h e  y i e l d  l o c i ,  w i t h  a n d  w i t h o u t  
s u p e r p o s i t i o n ,  a n d  t h e  h y d r o s t a t i c  c o m p o n e n t  o f  s t r e s s .  
T h e  c o n t a c t  s t r e s s  s y s t e m  w a s  c h o s e n  s u c h  t h a t ,  i n  t h e  
a b s e n c e  o f  b i a x i a l  c o m p r e s s i o n ,  y i e l d i n g  w o u l d  j u s t  b e  
a t t a i n e d .  N o t e  t h a t ,  o n  t h e  a x i s  o f  s y m m e t r y ,  v o n  
M i s e s '  a n d  T r e s c a ' s  c r i t e r i o n  a r e  e q u i v a l e n t .  A l s o ,  
f o r  t h e  p a r t i c u l a r  c a s e  o f  s u p e r p o s i n g  e l e c t r o d e p o s i t  
s t r e s s e s ,  t e n s i l e  s t r e s s e s  a r e  a l w a y s  d e v e l o p e d  n e a r  
t h e  i n t e r f a c e  w i t h  t h e  s u b s t r a t e .  W h a t e v e r  m e t h o d  i s  
u s e d  t o  g e n e r a t e  t h e  b i a x i a l  s t r e s s e s ,  t h e r e  w i l l  
a l w a y s  b e  a  s e t  o f  c o u n t e r b a l a n c i n g  s t r e s s e s  f u r t h e r  
b e n e a t h  t h e  s u r f a c e .  T h e r e f o r e  t h e  c o m p r e s s i v e  
s t r e s s e s  s h o u l d  p e r s i s t  t o  s u c h  a  d e p t h  t h a t  t h e  
c o n t a c t  s t r e s s e s  h a v e  f a l l e n  s u b s t a n t i a l l y  i n  t h i s  
z o n e .

-2 STRESS(q/Qy
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0-.\ A ■ 1 S?r + oc

Z ( x 1 / a )
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d e p o s i t  s t r e s s
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x
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f Z (x 1/a)
F i g .  b S t r e s s  d i f f e r e n c e  ( A )  a n d  s p h e r i c a l  s t r e s s

c o m p o n e n t s  ( a ) ,  ^ q u a n t i t i e s  i n d i c a t e  t h a t  t h e  
e f f e c t  o f  t h e  e l e c t r o d e p o s i t  s t r e s s  h a s  b e e n  
i n c l u d e d .
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T h e  c a s e  o f  a  m o r e  h e a v i l y  l o a d e d  h a l f - s p a c e  i s  
n o w  c o n s i d e r e d ,  s u c h  t h a t  a  z o n e  o f  p l a s t i c i t y  e x i s t s .  
T o  s i m p l i f y  o u r  c a l c u l a t i o n s  w e  c h a n g e  o u r  l o a d i n g  t o  
t h a t  o f  a  r o l l e r  p r e s s e d  o n t o  t h e  s u r f a c e ,  a n d  a s s u m e  
p l a n e  s t r a i n .

C O N T R O L  O F  A  Y IE L D E D  Z O N E

F i r s t  t h e  e l a s t i c  s t r e s s  f i e l d  d u e  t o  t h e  
a p p l i e d  l o a d  m u s t  b e  f o u n d .  T h e  s o l u t i o n  u s e d  i s  
t h a t  d u e  t o  B e l i a e v ,  r e p o r t e d  i n  R a d z i m o v s k y  ( 7 ) »  b u t  
i s  t o o  l e n g t h y  t o  r e p e a t  h e r e .  V o n  M i s e s 1 c r i t e r i o n  
i s  u s e d  t o  f i n d  t h e  z o n e  o f  p l a s t i c i t y ,  i e .

( a  - a  Ty y  x x ( a  —cr T x x  z z a  - a  zz y y f]
T + x y y z ( 5 )

T h i s  m e t h o d  i s  j u s t i f i e d  b e c a u s e  t h e  d i s p l a c e m e n t s  
j u s t  w i t h i n  t h e  y i e l d e d  z o n e  m u s t  c o n f o r m  t o  t h e  
n e a r b y  e l a s t i c  d i s p l a c e m e n t s ,  t o  a c h i e v e  
c o m p a t i b i l i t y .  A l s o ,  p r o v i d e d  t h e  e l a s t i c  l i m i t  i s  
n o t  e x c e e d e d  b y  t o o  m u c h ,  t h e  s t r a i n s  p r o d u c e d  w i l l  
b e  v e r y  s i m i l a r  t o  t h o s e  r e s u l t i n g  f r o m  e x t e n d e d  
H o o k e a n  b e h a v i o u r .  T h e  g r o w t h  o f  t h e  y i e l d e d  z o n e  i s  
i l l u s t r a t e d  i n  F i g .  5 -  A g a i n  a  s t r e s s  d i s t r i b u t i o n  
g i v e n  b y  e q u a t i o n  ( 1 )  w a s  s u p e r i m p o s e d .  F i g .  6  s h o w s  
t h e  r e s u l t  w h e n  a  t h i c k  l a y e r  i s  u s e d ,  s o  t h a t  t h e  
b i a x i a l  s t r e s s  i s  s u b s t a n t i a l l y  c o n s t a n t .  T h e  
d r a m a t i c  c h a n g e  i n  t h e  s i z e  o f  t h e  p l a s t i c  z o n e  c a n  
b e  s e e n ,  f o r  a  m o d e r a t e  c h a n g e  i n  b i a x i a l  s t r e s s .  
T h e r e  a r e ,  t h o u g h ,  p i t f a l l s  w h i c h  a r e  s h o w n  i n  F i g s .  
7 ,  8 .  F i g .  7  s h o w s  t h a t  i f  a  v e r y  t h i n  l a y e r  i s  
a p p l i e d ,  s o  t h a t  t h e  i n t e r f a c e  l i e s  j u s t  b e l o w  t h e  
n e w  p l a s t i c  z o n e ,  t h e  b e n e f i c i a l  e f f e c t s  a r e  r e m o v e d  
a t  e x a c t l y  t h e  w r o n g  t i m e .  T h e  z o n e  i s  e x t e n d e d  
s l i g h t l y  t o w a r d s  t h e  s u r f a c e  b u t  f u r t h e r  b e l o w ^ i t  
r e m a i n s  a s  b e f o r e ;  t h e  n e t t  r e s u l t  i s  a n  e x t e n s i o n  
o f  t h e  z o n e  o f  p l a s t i c i t y .  B y  m a k i n g  t h e  d e p o s i t  a  
l i t t l e  t h i c k e r  t w o  p l a s t i c  z o n e s  m a y  b e  f o r m e d ,  
s e p a r a t e d  b y  a  t h i n  e l a s t i c  l a y e r .  T h i s ,  t o o ,  o c c u r s  
b e c a u s e  t h e  b e n e f i c i a l  e f f e c t s  h a v e  b e e n  r e m o v e d  t o o  
s o o n ,  b e f o r e  t h e  n o r m a l  z o n e  o f  p l a s t i c i t y  h a s  
d w i n d l e d .  A  m o r e  i n s i d i o u s  t r a p  i s  s h o w n  i n  F i g .  8 .

R O L L E R

F i g .  5  D e v e l o p m e n t  o f  t h e  y i e l d  z o n e  b e n e a t h  a
r o l l e r .  L i n e  f o r c e s ,  n o r m a l i z e d  b y  y i e l d  
s t r e s s  a r e ;
A  : 0 . 2 ^ 6 ,  B  : 0 . 2 7 ^ ,  C : 0 . 5 0 9 ,  D  : 0 . 3 ^ 6  
Z o n e s  a r e  s c a l e d  t o  a  c o n s t a n t  c o n t a c t  w i d t h

R O L L E R

R O L L E R

H e r e ,  a  m o r e  n e g a t i v e  s u p e r i m p o s e d  s t r e s s  i s  s h o w n .
A s  c a n  b e  s e e n ,  t h e  p l a s t i c  z o n e  h a s  e x t e n d e d  d o w n ­
w a r d s ,  a s  y i e l d i n g  i s  n o w  o c c u r r i n g  i n  t h e  o p p o s i t e  
d i r e c t i o n .  T h e  s t r e s s  i n v o l v e d ,  5 0 0  N /m m 2  i s  q u i t e  
m o d e r a t e  a n d  c o u l d  e a s i l y  b e  a t t a i n e d  b y  t h e  m e t h o d s  
d e s c r i b e d  e a r l i e r .  E x t r e m e  c o m p r e s s i v e  s t r e s s e s ,  a s  
f o u n d  i n  so m e  i o n - I m p l a n t e d  l a y e r s  ( 8 )  w o u l d  n o t  
s e e m ,  b y  t h e m s e l v e s ,  t o  b e  b e n e f i c i a l .  T h e  i d e a l  
c o m p r e s s i v e  s t r e s s  s e e m s  t o  b e  a b o u t  a  q u a r t e r  o f  t h e  
y i e l d  s t r e s s .

I n  o r d e r  t o  a s s e s s  t h e  e f f e c t  o f  t h e s e  s l i d i n g  
s y s t e m s  o n  w e a r ,  s l i d i n g  a n d  r o l l i n g  w e a r  t e s t s  w e r e  
c a r r i e d  o u t .  B e c a u s e  o f  t h e  i n t e g r i t y  o f  t h e  p l a t e  
a n d  l o n g  d u r a t i o n  o f  r o l l i n g  t e s t s ,  r e s u l t s  w e r e  o n l y

F i g .  6 T h e  e f f e c t  o f  s u p e r i m p o s e d  s t r e s s e s  w i t h i n  a  
t h i c k  l a y e r .
L i n e  f o r c e  =  0 . 3 6 ^  O 
S u p e r i m p o s e d  s t r e s s e s - ; ;  A  =  - 0 . 3 6 ^  G; b = +o.^

F i g .  7  T h e  e f f e c t  o f  u s i n g  v e r y  t h i n  l a y e r s .
L i n e  f o r c e  =  0 .^ +  O y
S u p e r im p o s e d  s t r e s s  =  ~0.%b G y ,  i n t e r f a c e  
a t  A - A .  Y i e l d e d  z o n e  s h o w n  h a t c h e d .  S i n g l e  
o u t l i n e  s h o w s  y i e l d e d  z o n e  i n  a b s e n c e  o f  
d e p o s i t  s t r e s s .
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F i g .  8  E f f e c t  o f  e x c e s s i v e l y  l a r g e  c o m p r e s s i v e  

s t r e s s .
L i n e  f o r c e  =  0 . 3 6 ^  a y  
D e p o s i t  s t r e s s  i n  z o n e A  =  - 0 . 3 6 ^  a -  

B  =  - 0 . 9 1  or J

q u a l i t a t i v e .  D e l a m i n a t i o n  w a s  f o u n d ,  t h o u g h  t h e  
s u r f a c e s  c o n t a i n i n g  c o m p r e s s i v e  s t r e s s e s  d i d  n o t  
s h o w  s i g n s  o f  s e r i o u s  d e g r a d a t i o n  a f t e r  1 0 s  p a s s e s .  
T h e r e f o r e ,  t h e  m a i n  r e s u l t s  w e r e  o b t a i n e d  f r o m  
s l i d i n g  w e a r  t e s t s .

S L I D I N G  W EAK T E S T S

E x p e r i m e n t s  w e r e  p e r f o r m e d  u s i n g  a  c r o s s e d -  
c y l i n d e r  a r r a n g e m e n t  o n  a  m o d i f i e d  l a t h e .  T h e  

,s a m p l e s  c o n s i s t e d  o f  n i c k e l  p l a t e d  m i l d  s t e e l  
s a m p l e s ,  1 i n c h  i n  d i a m e t e r  a n d  1 i n c h  l o n g .  P l a t e s  
b e t w e e n  1 a n d  1 0  pm  t h i c k  w e r e  t r i e d ,  a n d  l o c k e d  i n  
s t r e s s e s  i n  t h e  r a n g e  - 2 0 0  t o  + ^ 0 0  N /m m 3 u s e d .
T e n s i l e  s t r e s s e s  w e r e  e a s i l y  o b t a i n e d  u s i n g  c o l d  a l l ­
c h l o r i d e  b a t h s ,  a n d  t h e s e  w e r e  g r a d u a l l y  r e d u c e d  b y  
w a r m i n g  t h e  p l a t i n g  b a t h ,  a n d  s u p e r i m p o s i n g  a  * * 0 0  H z  
s q u a r e  w a v e  o n  t h e  p l a t i n g  c u r r e n t .  T h e  l a t t e r  i d e a  
i s  d u e  t o  K e n d r i c k  ( 9 ) ,  a n d  p r o v e d  v e r y  e f f e c t i v e .  
C o m p r e s s i v e  s t r e s s e s  w e r e  c r e a t e d  b y  a d d i n g  s u i t a b l e  
r e a g e n t s ,  v i z .  t o l u e n e - * f ~ s u l p h o n i c  a c i d  o r  t h i o u r e a .  
N o  r e a g e n t s  w e r e  f o u n d  w h i c h  d i d  n o t  c o n t a i n  s u l p h u r  
a l t h o u g h  t h i s  w o u l d  h a v e  b e e n  d e s i r a b l e  b e c a u s e  o f  
i t s  w e l l  k n o w n  l u b r i c a t i n g  p r o p e r t i e s .  H o w e v e r ,  n o  
c h a n g e  i n  t h e  c o e f f i c i e n t  o f  f r i c t i o n  w a s  n o t i c e d  i n  
c o n t i n u o u s  m o n i t o r i n g  d u r i n g  w e a r  t e s t s .  S t r e s s e s  
w e r e  i f o u n d  b y  u s i n g  a  b e n t  s t r i p  m e t h o d  m o d i f i e d  t o  
p r o v i d e  a  r e c o r d  o f  s t r e s s  p l a t e d  i n  t h r o u g h o u t  t h e  
d e p t h .  T h e  c o n d i t i o n s  w e r e  t h e n  d u p l i c a t e d  a s  n e a r l y  
a s  p o s s i b l e  u s i n g  t h e  c y l i n d r i c a l  s p e c i m e n .

N o  i n f l u e n c e  c o u l d  b e  f o u n d  o f  t h e  c h a n g e  i n  
t h i c k n e s s  o n  t h e  w e a r  r a t e  u n t i l  v e r y  t h i n  d e p o s i t s  
w e r e  u s e d  ( 1 - 2  p m ) ,  w h e n  t h e  v a r y i n g  g e o m e t r y  a c r o s s  
t h e  c o n t a c t  w i d t h  p r o b a b l y  a c c e l e r a t e d  w e a r .  T h i s  
c o n c l u s i o n  i s  c o n s i s t e n t  w i t h  t h e  r e s u l t s  o f  G e o r g e s  
a n d  R a b i n o w i c z  ( 1 0 ) .  T h e  c o n s i d e r a b l e  e f f e c t  o f  
d e p o s i t  s t r e s s  o n  w e a r  r a t e  i s  s h o w n  i n  F i g .  9  w h i c h  
a l s o  s h o w s  t h e  v a r i a t i o n  i n  m e a s u r e d  h a r d n e s s .  
S c a n n i n g  e l e c t r o n  m i c r o g r a p h s  w e r e  a l s o  t a k e n  o f  s o m e  
o f  t h e  w e a r  s u r f a c e s  a n d  t h e s e  a r e  s h o w n  i n  F i g .  1 0 .

I t  i s  c l e a r  a t  o n c e  t h a t  t h e  s i m p l e  s t r e s s  t h e o r y  
p r e s e n t e d  s o  f a r  i s  i n a d e q u a t e ,  p a r t i c u l a r l y  f o r  t h e  
c a s e  o f  a  l o c k e d  i n  t e n s i l e  s t r e s s .  W e m u s t  t h e r e ­
f o r e  a m e n d  o u r  s u g g e s t i o n s ,  a n d  p r e s e n t  t h r e e  
c o m p l i c a t i n g  e f f e c t s  t o  h e l p  e x p l a i n  t h e  r e s u l t s ;
1 .  I n t e r d e p e n d e n c e  o f  h a r d n e s s  a n d  l o c k e d  i n  s t r e s s .
2 .  E f f e c t  o f  s h a k e d o w n .
3 .  E f f e c t  o f  d i f f e r i n g  h y d r o s t a t i c  s t r e s s  c o m p o n e n t s .  

H A R D N E S S

W e h a v e  s a i d  t h a t  t h e  p r e s e n c e  a n d  s i z e  o f  a  
p l a s t i c  z o n e  i s  i m p o r t a n t .  T h e r e f o r e ,  s o  i s  t h e  
h a r d n e s s  o f  t h e  m a t e r i a l ,  s i n c e  t h i s  d e t e r m i n e s  t h e  
e l a s t i c  l i m i t ,  a n d  h e n c e  t h e  s i z e  o f  t h e  p l a s t i c  z o n e .  
T h e  y i e l d  s t r e s s  i s ,  o f  c o u r s e ,  p r o p o r t i o n a l  t o  t h e  
h a r d n e s s .  H o w e v e r ,  t h e  h a r d n e s s  m e a s u r e d  i n  a n  
i n d e n t a t i o n  t e s t  i s  n o t  n e c e s s a r i l y  t h e  t r u e  h a r d n e s s ,  
b e c a u s e ,  i f  a  s e t  o f  b i a x i a l  s t r e s s e s  i s  p r e s e n t ,  i t  
w i l l  s u p p l e m e n t  t h e  s t r e s s  f i e l d  d u e  t o  t h e  i n d e n t o r .  
S i n c e  g r o s s  p l a s t i c  d e f o r m a t i o n  'o c c u r s  i t  i s  n o t  
p o s s i b l e  t o  p e r f o r m  s i m p l e  s u p e r p o s i t i o n ,  b u t  s i n c e  
t h e  v e r t i c a l  s t r e s s  c o m p o n e n t  i s  c e r t a i n l y  l a r g e r  
t h a n  t h e  r a d i a l  c o m p o n e n t  ( i n  a b s o l u t e  m a g n i t u d e ) ,  
t h e  s u p e r p o s i t i o n  o f  a  c o m p r e s s i v e  s t r e s s  w i l l  g i v e  a n  
a r t i f i c i a l l y  h i g h  h a r d n e s s  r e a d i n g ,  a n d  v i c e  v e r s a .  
T h u s ,  t h e  t r u e  h a r d n e s s  o f  t h e  e l e c t r o d e p o s i t  
c o n t a i n i n g  a  t e n s i l e  s t r e s s  i s  p r o b a b l y  h i g h e r  t h a n  
t h a t  s h o w n  o n  t h e  g r a p h .  T o  i l l u s t r a t e  t h i s ,  a  
s u p p l e m e n t a r y  e x p e r i m e n t  w a s  d o n e  b y  f i t t i n g  a  
t e n s o m e t e r  o n t o  t h e  t a b l e  o f  a  B r i n e l l  h a r d n e s s  
t e s t i n g  m a c h i n e .  A  s u p p o r t  w a s  f i t t e d  u n d e r  t h e  
s p e c i m e n ,  w h i c h  w a s  i n d e n t e d  a t  v a r i o u s  a p p l i e d  
t e n s i l e  l o a d s .  T h e  s i z e s  o f  t h e  i n d e n t a t i o n s  w e r e  
m e a s u r e d  w i t h  t h e  s a m e  l o a d  a p p l i e d  s o  t h a t  t h e

W E A R

(mg/s

S T R E S S  
( N / m m

20

-10
-200

170

210
2 3 0

2 5 0

H A R D N E S S

F i g .  9  S l i d i n g  t e s t s  w e a r  v  s t r e s s  v  h a r d n e s s  
S t r e s s  r e l i e v e r  u s e d :  
t o l u e n e - ^ - s u l p h o n i c  a c i d

399



A T e n s i l e  e l e c t r o d e p o s i t  s t r e s s  (  +  *+ 0 0  N /m m 2 )

t h e  r e s u l t  f o r  a l u m i n i u m  i s  s h o w n  i n  F i g .  1 1 .  I t  c a n  
b e  s e e n  t h a t ,  f o r  a l u m i n i u m ,  t h e  s p e c i m e n  s h o w s  a n  
i n i t i a l  d e c r e a s e  i n  h a r d n e s s ,  t h e n  w o r k  h a r d e n i n g  
o c c u r s .  W h e n  9 0 #  o f  t h e  y i e l d  h a d  b e e n  a t t a i n e d  t h e  
l o a d  w a s  r e m o v e d  a n d  t h e  h a r d n e s s  a g a i n  i n c r e a s e d ,  
t h i s  t i m e  t o  a  h i g h e r  v a l u e  b e c a u s e  o f  t h e  w o r k  
h a r d e n i n g .  T h e r e  i s  a  p e r m a n e n t  s e t ,  t o o ,  p a r t l y  
a t t r i b u t e d  t o  l o c a l  y i e l d  a r o u n d  a n  i n d e n t a t i o n .
T h o u g h  t h e  r e s u l t s  a r e  n o t  d i r e c t l y  a p p l i c a b l e  t o  t h e  
c a s e  c o n s i d e r e d  a b o v e ,  t h e  s a m e  t r e n d  s h o u l d  b e  
f o l l o w e d ,  a n d  w i t h  a  b i a x i a l  s t r e s s  t h e  e f f e c t  s h o u l d  
b e  r a t h e r  m o r e  m a r k e d .

S o  f a r  i t  h a s  b e e n  a s s u m e d  t h a t  t h e  o n l y  s t r e s s e s  
w h i c h  p e r s i s t  a r e  t h o s e  l o c k e d  i n t o  t h e  p l a t e  a s  i t  
i s  l a i d  d o w n .  T h i s  m a y  n o t  b e  t r u e  i f  t h e  e l a s t i c  
l i m i t  i s  e x c e e d e d ,  s i n c e  a d d i t i o n a l  r e s i d u a l  s t r e s s e s
m a y  d e v e l o p  t o  c o n f i n e  t h e  p l a s t i c  z o n e .  T h i s  i s  t h e  
c o n c e p t  o f  s h a k e d o w n  i n  a  c o n t i n u o u s  m e d iu m .

I
SHA K EDO W N

T h e  e x a c t  f o r m  o f  t h e  r e s i d u a l  s t r e s s e s  
d e v e l o p e d  i s  k n o w n  o n l y  f o r  t h e  c a s e  o f  t w o -  
d i m e n s i o n a l  r o l l i n g  c o n t a c t ,  t h o u g h  i t  i s  p r o b a b l e  
t h a t  s i m i l a r  s t r e s s e s  a r e  d e v e l o p e d  i n  s l i d i n g  
c o n t a c t .  F o r  r o l l i n g  c o n t a c t ,  M e r w i n  a n d  J o h n s o n  
( 1 1 )  f o u n d  t h e  v a l u e  o f  r e s i d u a l  s t r e s s e s  a n d  w o r k e d  
o u t  t h e  s u b s e q u e n t  y i e l d i n g  z o n e  f o r  a n  i d e a l l y  
e l a s t o p l a s t i c  m a t e r i a l .  I t  i s  v e r y  s i m i l a r  t o  t h a t  
p r o d u c e d  a r t i f i c i a l l y  i n  a n  e l e c t r o d e p o s i t .  W h y  a r e  
l o c k e d  i n  s t r e s s e s  v a l u a b l e  (a t  a l l  t h e n ,  i f  t h e  
s y s t e m  p r o d u c e s  n e a r l y  i d e a l  r e s i d u a l  s t r e s s e s  o n  i t s  
o w n ?  F r o m  M e l a n ' s  t h e o r e m  w e  w o u l d  e x p e c t  t h e  f i n a l  
s t r e s s  s t a t e  t o  b e  i n d e p e n d e n t  o f  t h e  i n i t i a l  
c o n d i t i o n s .  I n  p r a c t i c e ,  t h e  a n s w e r s  d o  n o t  s e e m

B  N o  e l e c t r o d e p o s i t  s t r e s s

C C o m p r e s s i v e  e l e c t r o d e p o s i t ,  s t r e s s  ( - 2 5 0  N /m m  )

F i g .  1 0  S c a n n i n g  e l e c t r o n  m i c r o g r a p h s  o f  w e a r  t r a c k s

r e l a x a t i o n  o f  t h e  i n d e n t a t i o n  d i d  n o t  o c c u r .
S p e c i m e n s  c h o s e n  w e r e  a n  a n n e a l e d  a l u m i n i u m  a n d  w o r k  
h a r d e n e d  c o p p e r .  T h e  c o p p e r  s h o w e d  a  m o n o t o n i c a l l y  
d e c r e a s i n g  h a r d n e s s  a s  t h e  l o a d  w a s  a p p l i e d  w h i l s t

F i g .  1 1

STRESS V- 
HARDNESS

80 %(-£- 
°y

T h e  e f f e c t  o f  a  u n i a x i a l l y  a p p l i e d  l o a d  
o n  m e a s u r e d  h a r d n e s s

STRAIN V. 
HARDNESS



n e a r l y  a s  c l e a r  c u t .  F u j i t a  a n d  Y o s h i d a  ( 1 2 )  h a v e  
c o n d u c t e d  s o m e  t e s t s  u n d e r  r o l l i n g  c o n t a c t  
c o n d i t i o n s  a n d  r e v e r s e d  t h e  d i r e c t i o n  o f  r o l l i n g  
a f t e r  a  n u m b e r  o f  c y c l e s .  W i t h  s o m e  m a t e r i a l s  t h i s  
a f f e c t s  t h e i r  f a t i g u e  l i f e .  T h i s  i s  a t t r i b u t a b l e  t o  
s h a k e d o w n ,  b u t  i s  n o t  u n i v e r s a l .  J o h n s o n  d o e s  n o t  
c o n s i d e r  t h e  p o s s i b i l i t y  o f  s e c o n d a r y  p l a s t i c  f l o w ,  
a n d  a n y w a y  w e  c a n n o t  b e  s u r e  o f  t h e  n a t u r e  o f  s h a k e -  
d o w n  s t r e s s e s  f o r  a  w o r k  h a r d e n i n g  m a t e r i a l .

E F F E C T  O F  H Y D R O S T A T IC  S T R E S S  C O M P O N E N T

T h e  l a s t  a s p e c t  t o  b e  d i s c u s s e d  i s  t h e  
i n f l u e n c e  o f  t h e  c h a n g e  i n  t h e  s p h e r i c a l  s t r e s s  
c o m p o n e n t  d u e  t o  a n  a d d e d  s t r e s s  s y s t e m .  A l l  t h e  
e f f e c t s  d i s c u s s e d  s o  f a r  m a y  b e  a t t r i b u t e d  t o  t h e  
d e v i a t o r i c  c o m p o n e n t s  o f  s t r e s s .  T h i s  i s  m o s t  
e a s i l y  s e e n  i f  w e  r e w r i t e  v o n  M i s e s '  c i t e r i o n  ( 5 )  i n  
t e r m s  o f  d e v i a t o r i c  q u a n t i t i e s ;

/ 2 3 2 \
( S  + S  + S  ) 

X X  y y  z z
3s  + s 2  j x y  y z  z x j a (6)

I t  i s  n o w  c l e a r  t h a t  w h a t  h a s  b e e n  s a i d  s o  f a r  i s  
t r u e  w h a t e v e r  t h e  s p h e r i c a l  s t r e s s  c o m p o n e n t .  H o w ­
e v e r ,  i t s  v a l u e  m a y  w e l l  i n f l u e n c e  m a t e r i a l  b e h a v i o u r .

W h e n  d e a l i n g  w i t h  t h e  f a i l u r e  c r i t e r i a  o f  m e t a l s  
w e  n o r m a l l y  a s s u m e  a  p l a s t i c i t y  c r i t e r i o n  w h i c h  t a k e s  
n o  a c c o u n t  o f  t h e  s p h e r i c a l  s t r e s s .  F u r t h e r ,  i n  w e a r  
w e  n e e d  t o  k n o w  n o t  o n l y  a b o u t  t h e  o n s e t  o f  
p l a s t i c i t y ,  b u t  a l s o  t h e  s t r e s s  c o n d i t i o n s  u n d e r  
w h i c h  a c t u a l  c l e a v a g e  o c c u r s .  I f  t h i s  o c c u r s  i n  a  
b r i t t l e  m a n n e r  t h e n  w e  c a n n o t  l e a r n  m u c h  a b o u t  i t  
f r o m  a  t r a d i t i o n a l  c r i t e r i o n .  W e d o  k n o w ,  t h o u g h ,  
t h a t  u n d e r  c o m p r e s s i v e  c o n d i t i o n s  a  m a t e r i a l  i s  m o r e  
l i k e l y  t o  f l o w ,  a n d  t h a t  p r e m a t u r e  u l t i m a t e  f a i l u r e  
w i l l  b e  p o s t p o n e d .  O b s e r v e  t h e  m i c r o g r a p h s  s h o w n  i n  
F i g .  1 0 .  T h e  s a m p l e s  c o n t a i n i n g  t h e  m o s t  n e g a t i v e  
s p h e r i c a l  s t r e s s  c o m p o n e n t  a l l  s h o w " e x t e n s i v e  p l a s t i c  
f l o w ,  d e l a y i n g  t h e  m o m e n t  o f  p a r t i c l e  s e p a r a t i o n .  
S a m p l e s  c o n t a i n i n g  a  t e n s i l e  s t r e s s ,  a n d  t h e r e f o r e  
h a v i n g  a  s m a l l e r  s p h e r i c a l  s t r e s s  c o m p o n e n t  s h o w  
t r a n s v e r s e  c r a c k i n g ,  w h i c h  w e  m a y  a s s o c i a t e  w i t h  t h e  
p r e m a t u r e  d e t a c h m e n t  o f  w e a r  p a r t i c l e s ,  a n d  t h e r e f o r e  
h i g h e r  w e a r  r a t e s .

F u r t h e r ,  t h e  h a r d n e s s ,  a n d  t h e r e f o r e  t h e  y i e l d  
s t r e s s  a r e  d e t e r m i n e d  w i t h  a  p a r t i c u l a r  i n t r i n s i c  
s p h e r i c a l  s t r e s s ,  d e p e n d i n g  o n  t h e  n a t u r e  o f  t h e  
p l a s t i c  f i e l d  b e n e a t h  t h e  i n d e n t o r ,  a n d  t h e  w o r k  
h a r d e n i n g  i n d e x  o f  t h e  m a t e r i a l .  I t  i s  u n l i k e l y  
t h a t  t h i s  w i l l  b e  t h e  s a m e  a s  t h e  s p h e r i c a l  s t r e s s  
o b t a i n i n g  u n d e r  w e a r  c o n d i t i o n s .  W e a r e  a s s u m i n g  
i m p l i c i t l y  t h a t  t h e  y i e l d  s u r f a c e  i s  a  c y l i n d e r :  i t  
m a y  w e l l  b e  a  p a r a b o l o i d .

F i g .  1 2  N o m e n c l a t u r e  u s e d  i n  e q u a t i o n  ( 7 )

W e h a v e  t r e a t e d  w e a r  a s  a  c o n t i n u u m ,  b u l k  
s t r e s s  p r o b l e m .  P a r t i c l e  d e t a c h m e n t  m u s t  p r o c e e d  b y  
t h e  p r o p a g a t i o n  o f  s u b s u r f a c e  c r a c k s  ( 1 3 ) .  T h e  
l a r g e r  t h e  c o n f i n i n g  p r e s s u r e  a r o u n d  t h e  c r ^ c k ,  t h e  
m o r e  l i k e l y  t h e  c r a c k  f a c e s  a r e  t o  l o c k  t o g e t h e r  a n d  
t h e  m o r e  c r a c k  p r o p a g a t i o n  w i l l  b e  h i n d e r e d .  I t  i s  
n o t  p o s s i b l e ,  h o w e v e r ,  t o  t r e a t  w e a r  a s  a  
c o n v e n t i o n a l  f a t i g u e  p r o c e s s .  T h i s  w a s  t r i e d  b y  
u s i n g  a  t h r e e - d i m e n s i o n a l  f a t i g u e  c r i t e r i o n  d u e  t o  
S i n e s  ( 1 * 0  , w h i c h  w e  m a y  w r i t e  i n  t e r m s  o f  s t r e s s  
i n v a r i a n t s  a s

/3.J2a a f l  n
f l (7)

Ju t s

w h e r e  =  •§ c?A +  a c ( s e e  F i g .  1 2 ) ,

T h i s  r e l a t i o n  i n  c o n j u n c t i o n  w i t h  t h e  H e r t z i a n  
s o l u t i o n  u s e d  e a r l i e r  ( 2 ,  3 )  p r e d i c t s  t h a t  n o  b e a r i n g  
s u r f a c e  s h o u l d  e v e r  f a i l ,  F i g .  1 3 *  T h e  b e n e f i c i a l  
e f f e c t  o f  a  c o m p r e s s i v e  b i a x i a l  s t r e s s  i s  n e v e r t h e ­
l e s s  a p p a r e n t .  T h e  m a i n  r e a s o n  f o r  t h e  f a i l u r e  o f  a  
f a t i g u e  c r i t e r i o n  w o u l d  a p p e a r  t o  b e  t h a t  t h e  
c o n d i t i o n s  f o r  c r a c k  g r o w t h  d i f f e r ;  i n  m o s t  f a t i g u e  
c a s e s  p r o p a g a t i o n  o c c u r s  u n d e r  t e n s i l e  c o n d i t i o n s  
o p e n i n g  t h e  c r a c k ,  a n d  p o s s i b l y  a  s u p e r i m p o s e d  s h e a r .  
I n  w e a r ,  c r a c k  p r o p a g a t i o n  o c c u r s  u n d e r  c o m p r e s s i o n  
n o r m a l  t o  t h e  c r a c k  f a c e ,  a n d  a  s i g n i f i c a n t  c o m p o n e n t  
o f  s h e a r .  B e c a u s e  t h e s e  m e c h a n is m s  a r e  s o  d i f f e r e n t  
t h e  f a t i g u e  c r i t e r i o n ,  w h i c h  i s  r e a l l y  o n l y  a  
j u s t i f i a b l e  ’ c u r v e - f i t '  u n d e r  t e n s i l e / s h e a r  
c o n d i t i o n s ,  f a i l s .

NO DEPOSIT
STRESS

STRESS (0 / o v ) 2

0-5

C O M P R E S S I V E  
Z ( x  1 / a ) ST R ES S

F i g .  1 3  A p p l i c a t i o n  o f  S i n e ' s  f a t i g u e  c r i t e r i o n  

C O N C L U S IO N

I t  i s  c l e a r  t h a t  w e  m a y  m o d i f y  b o t h  t h e  w e a r  
r a t e  a n d  n a t u r e  o f  p a r t i c l e  d e t a c h m e n t  b y  a d d i n g  
s t r e s s e s  i n  t h e  s u r f a c e  l a y e r s  o f  a  s l i d i n g  p a i r .  
T h e  r e s u l t i n g  s t r e s s  f i e l d  f r o m  t h e s e  l o c k e d  i n  
s t r e s s e s  a n d  n o r m a l  c o n t a c t  l o a d i n g  h a s  b e e n  f o u n d .  
T h i s ,  t o g e t h e r  w i t h  t h e  c h a n g i n g  m a t e r i a l  b e h a v i o u r  
i s  o f f e r e d  a s  a  r e a s o n  f o r  t h e  m o d i f i e d  m a t e r i a l
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r e s p o n s e .  I n t e r a c t i o n  o f  a  l o c k e d  i n  s t r e s s  f i e l d  
w i t h  t h e  m a t e r i a l ' s  h a r d n e s s ,  a n d  t h e  p o s s i b l e  
e s t a b l i s h m e n t  o f  a d d i t i o n a l  n e a r - s u r f a c e  s t r e s s e s  b y  
t h e  s h a k i n g  d o w n  o f  t h e  s u r f a c e  a r e  p r e s e n t e d  a s  
c o m p l i c a t i n g  f a c t o r s  w h i c h  c a n n o t  b e  a v o i d e d .  U n t i l  
w e  c a n  f i n d  a n  e l a s t o p l a s t i c  s t r e s s  f i e l d  f o r  a  
s l i d i n g  p a i r  a n d  d e t e r m i n e  t h e  s h a k e d o w n  s t r e s s e s  
f o r  r e a l  m a t e r i a l s  u n d e r  s u c h  c o n d i t i o n s  i t  i s  h o p e d  
t h a t  t h e  p u r e l y  n o r m a l  c o n t a c t  m o d e l  w i l l  p r o v e  
a d e q u a t e .
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Summary

Theoretical considerations are presented which show that in general 
there may be two crack growth mechanisms proceeding simultaneously 
under wear conditions. Each pass of a rider over a particular subsurface flaw 
causes it to experience two distinct growth periods, separated by a period 
when there is no tendency for relative motion between the crack faces. 
Furthermore, one growth period, just before the rider arrives at the flaw, 
consists of mode II stress intensification with a light clamping force between 
the crack faces. The other growth period, following behind the rider, consists 
of both mode I and II openings. In the first growth period, because there will 
be some small relative motion between the crack faces under loading, a 
fretting type of degradation may occur.

1. Introduction

The application of fracture mechanics to wear is in its infancy. 
Hornbogen [1] used a dimensional analysis to show the importance of a 
material’s fracture toughness to wear rate. More recently, Fleming and Suh
[2] attempted to derive a more complete solution for the stress intensifica­
tion factors (SIFs) from first principles. Their loci of equal SIF looked 
promising because they showed a maximum beneath the surface. Unfortu­
nately, the crack propagation rates predicted were too small. Possible reasons 
are as follows.

(1) Because the SIFs are so small it is probable that growth occurs in 
stage 1 (see ref, 3). This means that the usual index in the Paris equation is 
too small:

dc
—  = C A K m (1)
cLN

where c is the crack half-length, N  is the number of cycles and K  is the SIF. 
The data pertaining to this equation are normally obtained in stage 2.

(2) In Fleming and Suh’s paper loads associated with an individual 
asperity are considered, i.e. the force distributed over the wearing surface is
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F  = 3 OyS (2)

where s is the cross section of an asperity. The effect of including the force 
contributions of many contacting asperities is not considered.

(3) Fleming and Suh made the assumption that all crack growth 
occurred in the region of tensile stress behind the point of load application 
where combined mode I and II growth occurs.

The present paper tries to overcome some of these drawbacks whilst 
using the same basic method to approximate the SIFs. It has been shown [4] 
that the lower bound solution of Fleming and Suh is a good approximation 
to finding the SIFs for mode II growth. This employs the pseudo-stress 
method, using a Green’s function appropriate for a crack in an infinite solid. 
Since the solutions obtained by this technique are within 10% of the true 
solution, even at depths much closer to the surface than the turning point of 
the SIF function, it will be used here.

2. Method of solution

First the pseudo-stress field, i.e. the stress field in the absence of the 
crack, is found. The crack is then inserted at the desired location. It will then 
be found that the crack faces are not in general free of tractions. Equal 
opposite tractions are applied to the crack faces so that the boundary condi­
tions there are again satisfied, and at the same time their contributions to the 
stress intensification are evaluated using the Green’s weighting function. For 
pure mode II and a crack existing in an infinite solid, this gives

Q (c + b\V2

where Q  is the element of shear force on the crack face and b is the distance 
from the crack centre line to that element. The application of stresses to the 
crack faces causes non-zero stresses to appear on the surface of the elastic 
half-space. For best accuracy, further surface tractions should be applied to 
give the correct boundary condition and the scheme outlined should be 
pursued iteratively,vbut sufficient accuracy has been attained already for the 
present calculation. Consider Fig. 1. For a distributed load, the region

TENSION

EFFECTIVE
CRACK
LENGTH

COMPRESSION ACTUAL --------
CRACK LENGTH

Pig. 1. The coordinate system used showing the region of tension behind the loading. 
Note that the crack is closed within the compression region.
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behind the applied load is in tension, as in the Flamant solution for a point 
applied load. However, this is not the only region where crack growth may 
occur. The solution for just the central element P  of the distributed load, in 
the coordinates of Fig. 1, is

2P
oxx ~ — —  cos* 6 cos (6 + a) 

ird
(4)2P

T xy ird
sin 0 cos2 6 cos (6 + a )

Although a horizontal crack is under compression, there is a significant 
component of shear present in front o f the load. Naturally the vertical 
component oxx of stress, being negative, closes the crack and does not 
contribute to an SIF. However, letting the coefficient of friction be /u, the 
net shear across the crack which cannot be carried by friction forces and 
which therefore contributes to stress intensification is

| î xyl (5)7" net ?xy l̂ -̂ xx TXy 0
~~TXy fj.0xx T Xy 0

This quantity represents the residual pseudo-stress which appears on the 
crack boundary. Counterbalancing forces of equal magnitude are now 
applied to the crack faces, and their contributions to the stress intensifica­
tion factor are found using the weighting function of eqn. (3).

3. Model o f the wearing pair

In the present paper the surface load is assumed to be evenly 
distributed in order to facilitate calculations. The area over which the load is 
applied is divided into 20 equal strips, and a point load equal to the total 
load over the strip is applied at the centre of each. One can consider the 
contact width on one of two scales: first it can be assumed to be the load 
applied by a single plastically deformed asperity when the load applied is 
equal to the force given by eqn. (2); alternatively, the contact width can be 
assumed to approximate the contact loading when a cylinder is pressed into 
an elastic half-space or, equivalently, the load distribution found in a 
crossed-cylinder wear test. It is recognized that the envelope of pressure 
ordinates in such a case should be elliptical, but the difference in pseudo-. 
stress fields is probably small at depths of interest as might be expected from 
St. Venant’s theorem. Also from St. Venant’s theorem, it might be expected 
that a continuously distributed load and one applied at discrete points would 
give similar pseudo-stress fields.

An example of the stress available to provide crack growth, with its 
derivation, is shown in Fig. 2. A selection of net shearing stresses for differ­
ent surface and crack coefficients o f friction is shown in Fig. 3. It is interest­
ing to note that the type of crack extension under compression exists with a



324

°7/
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SHEARLO C K E D

. .  i n  BACKWARD
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LOAD

Fig. 2. The net shear stress available to propel a crack together with the stresses <7yy and 
Txy from which it is derived.

purely normal load (Fig. 4). Although the contact loading is not identical to 
that under rolling contact, a similar result is anticipated. This illustrates a 
possible mode of crack propulsion under such conditions and has been 
investigated by McClintock [5 ] . Note that as the crack passes under the 
loaded region it experiences four possible regimes:

(1) forward shear under compression;
(2) “locking” (all load carried by frictional forces, no relative motion 

between crack faces);
(3) reversed shear under compression, which does not always occur, and 

the shear stress available to propel the crack is small; it is not expected to be 
very important under most wear conditions;

(4) free shear, which happens in the wake of the rider and is 
accompanied by a mode I opening.

The first regime raises interesting possibilities. It is apparent from the 
displacement fields given by the singular solutions that there should be a
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FICTION COEFFICIENTS i Suffice i
0  4 . 0  7 , 1  0

NETT SHEAR STRESS

DEPTH IS  2

(C)
Fig. 3, Shear stress available to propel the crack under various conditions. Note that in 
each case the load was applied from the right acting towards the left. The highest peak 
corresponds to the lowest coefficient of friction between the crack faces and vice versa. 
The depth and distance from the centre line are normalized with respect to the width of 
loading and the stresses are normalized by the contact pressure.

small amount of relative motion between the crack faces; hence fretting 
should occur. This would degrade the surfaces of the crack and might 
accelerate wear, although the amplitude is smallest at the crack tip. The wear 
crack would experience some fretting and crack growth, followed by a rest 
period with a stress “set-in”. After this rest period under load it would 
undergo combined mode extension. This would occur for each rider pass. 
The question of whether or not the same coefficient of friction should be 
used for the wear surface and for the crack face arises. If the nucleating 
crack were absolutely clean it would be welded back together again each 
time the crack passed through the locking (maximum compression) region, 
i.e. the propagating wear crack would continually heal! Since this is not so 
it must be assumed that a contaminant is present. This could be gases 
adsorbed from the atmosphere. The idea is consistent with the known exper­
imental result that vacuum degassed components show a significant improve­
ment in wear. The degree of adsorption may also play a role in deciding the 
thickness of the delaminating sheets. It is expected that friction coefficients 
between the crack faces will nevertheless be higher than at the surface 
because of the absence of contaminants.
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Fig. 4. The net shear available to propel a crack under normal loading (no tangential 
tractions). The graph is normalized in the same way as Fig. 3.

4. Generation of the SIF maps

Using the Green’s function of eqn. (3) a computer program was written 
for mode II propagation in zones of both free shear and shear under 
compression. This enables the relative importance of the two regions to be 
assessed, and a typical result is shown in Fig. 5. It can be seen that the 
regions are approximately equal in their contribution to crack growth.

The program was then modified to perform a raster scan through the 
depth while remaining in the neighbourhood of the maximum SIF. This 
enabled the effect of crack length on SIF to be assessed conveniently, and at 
the same time shows the most likely propagation depth. The result is shown 
in Fig. 6.

To assess the feasibility of the model, consider a specific case. Let the 
wearing pair be a crossed-cylinder configuration, with an applied load of 
50 N. Then, if the material hardness is 1 kN mm-2 , the contact diameter will 
be of the order of 0.25 mm. If the normal component of the contact 
pressure is the same as the hardness and the coefficients of friction are both 
unity, the SIFs will be

free shear: = 0.622 kN mm -3/2

Ki = 0.434 kN mm -3/2

compression /shear: K u = 0.677 kN mm -3/2



328

Fig. 5. A model of the variation of SIF for mode II with position beneath a wearing half-space. The base of the model represents a 
vertical section and the height represents the value of the SIF. All distances are normalized with respect to the width of loading. 
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Fig. 6. The variation of the maximum mode II stress intensification factor with depth and 
crack length. The coefficient o f friction is 0.8.

The combined mode crack growth rate can be determined using a method 
based on plastic zone sizes [6] ,  giving the estimated rates shown in Table 1.

TABLE l

Stage 1 Stage 2

Free shear (nm cycle 1) 123 9
Compression/shear (nm cycle” 1) 123 15

It is pure chance that the stage 1 values are equal, but it should be 
noted that these values are higher than those which would be predicted using 
the Paris equation. The results would seem to be more in keeping with the 
stage 1 part of the curve in which these very low SIFs occur, comparable 
with AK 1C. If the average size of a detaching plate is 12 jum then it would 
require about 50 passes to produce a wear particle. This is consistent with a 
particle being detached every 2 s at 1500 rev min- 1 . At the moment this 
cannot be interpreted in terms of wear rate without making more assump­
tions: in particular, the number of cracks growing at any one time.
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5. Conclusion

Fleming and Suh’s model has been extended to cover all possible crack 
growths as the rider passes. Notwithstanding any acceleration of the wear 
process caused by fretting, which has been shown to occur, the crack 
propagation rates do not seem too remote from those obtained exper­
imentally. The values of crack growth rate obtained have been significantly 
larger than those previously obtained for the following two reasons:

(1) It has been recognized that at such low SIFs it is probably true that 
most crack growth occurs in stage 1.

(2) The scale of the problem has been changed somewhat so that loads 
associated with the apparent area of contact have been used rather than 
those associated with a single asperity junction. The existence of two 
possible crack growth periods per rider pass has been shown, and the 
question of why subsurface cracks do not heal has been brought into the 
open. It is suggested that further progress will now be brought about by 
producing a model of wear rates deduced from crack propagation rates.
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A Fracture Mechanics Approach 
to Rolling Contact Fatigue
D . A . H i l l s  a n d  D . W . A s h e l b y *

Linear elastic fracture mechanics were used in the study of development of 
subsurface cracks in rolling contact fatigue. It  is clear that such cracks are 
able to  propagate by a shear mode, but it is suggested that the development 
of residual tensile stresses perpendicular to the wear surface may well 
result in a more im portant mode o f growth which occurs when the load has 
passed over the crack

y

y !
Nomenclature
a contact half-width

y

J 2 C 2nd invariant, stress deviator tensor,
y referred to completely reversed stresses

Vo maximum contact pressure
# O B spherical component o f static stresses
Jt Ofl fatigue lim it

Outs ultimate tensile stress

* V coefficient o f friction between crack

V
faces

V
L life

w Q load

Sr Q: constant

A K ic,  A K / / C thresholds for modes I and I I  growth
K

c crack half-length
%

n number o f load cycles
■r m mass loss

During the past twenty years many experiments have been 
performed to assess the growth o f subsurface cracks during 
rolling contact'fatigue. A review o f such work was under­
taken by Johnson1. Many questions have been answered*, 
but two outstanding ones remain:

Do cracks initiate at or below the surface?
What governs the characteristic depth o f propagation,
and its rate?

The first question is still largely undecided, but i t  is 
generally accepted that in the presence o f a lubricant any 
surface flaws w ill grow downwards by hydraulic action, and 
then turn and grow horizontally2. I f  the surfaces are dry 
and the surface finish good then it  is possible that cracks 
w ill start at subsurface flaws. In fracture mechanics terms, 
the question could be recast as “ What is the criterion for 
crack initiation?”  Unfortunately, in relatively ductile 
^materials, there are still no satisfactory universal criteria, 
although, i f  there are second phase particles present, it is 
often suggested that there is a critical strain beyond which 
plastic flow around the particles cannot accommodate the 
incompatibility. As the particle separates an embryo crack 
forms3.

*Department of Mechanical and Production Engineering, 
Trent Polytechnic, Burton Street, Nottingham NG1 4BU, UK

6020 40 Number of passes

0 .5

Ductilily
exhausted

Fig 1 Number o f  passes required to initiate a crack in a 
single phase material, in this case nickel. PQ is the maximum 
contact pressure and k is the yield stress in pure shear

I f  there are no second-phase particles, initiation criteria 
become even more tentative but there is a natural assumption 
that cracks nucleate as ductility is exhausted. Such an 
assumption would be equivalent to saying that cracks form 
when the stored plastic energy o f distortion reaches a critical 
value. To quantify this energy hysteresis loops found 
for nickel, and the corresponding energy dissipated by 
rolling contact fatigue plotted (Fig 1). Subsurface 
nucleation is predicted.

Crack propagation
Because crack initiation is so d ifficu lt to  assess, most effort 
has been expended in examining the growth o f pre-existing 
cracks. In the early experiments, two criteria used to judge 
the most likely crack growth depth were (Fig 2):

Depth at which r45 is a maximum, ie where material 
experiences largest shear stress 
Depth at which rX y  is a maximum, ie where material 
experiences largest reversal o f shear stress4

Of the two, the second seems to have been the more 
popular5 . The use o f continuum stress criteria, however, to 
assess the growth o f a crack seems a little  dubious. The next 
step would be to use a bulk, general fatigue criterion, eg 
that due to Sines6:

- (1) 
outs ° b < °n

A OfL(%J2c) +3
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Fig 2 Coordinate system showing two most likely points at 
which cracks were thought to experience maximum growth
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be noted that in the present case the normal compressive 
stress, aVj>, tends to close the crack, so that the nett shear 
available to propel the crack is given by9 :

rnett “  T.xy + M °yy 

~ Txy ~ P °yy

P  O y y (2)

The pseudo stress field used is that for two cylinders loaded 
together4 , and the resulting mode 11 SIF field is shown in 
Fig 4. It can be seen that the most favoured depth o f 
propagation differs little  from that predicted by a bulk 
criterion. Note, too, that directly beneath the roller, where 
the normal compressive stress is very large, the crack faces 
are locked together, and no growth can occur. Thus, each 
crack experiences two growth periods, punctuated by a 
‘rest’ under sustained shear loading, per pass o f the roller. 
Since the maximum SIF is known the crack growth rate can 
be found by use o f a suitable fatigue law.

Evidence for a fracture model
Direct evidence is d ifficu lt to obtain, particularly in view o f 
the ductile nature o f most o f the materials normally used. 
First, a dimensional argument w ill be used to show its 
feasibility. It was shown, many years ago, by Palmgren10 
that the fatigue life o f a bearing followed a law:

l ~Q3 (3)
I f  the Paris fatigue equation is adopted, but taking into 
account that the proportionality w ill be different because 
mode II  growth is involved, the following relation between 
crack growth rate and applied load results:
dc
^  = C2 ( 4 ,0 / ) ”  (4)

For bearing steel, m -  3, so that equations 3 and 4 give the 
same power law between load and life, i f  life is considered to 
be dependent on some critical crack length. The same 
conclusion is arrived at by using the IBM Zero Wear Model 
which states11:

(5)

Fig-3 Sine’s fatigue criterion. Failure is predicted to occur 
when the ‘reduced’ stress reaches a value +o/i.

Fatigue criteria seem to behave rather badly when the crack 
,is in a high compressive environment, and indeed Sine’s 
criterion shows that surfaces undergoing rolling contact 
.should never fail (Fig 3). A  fracture mechanics approach is 
needed. There has been little  work in this area until recently, 
when McClintock7 examined the behaviour o f dislocations 
in the neighbourhood o f a crack.

The present analysis uses the ‘pseudo-stress’ method previously 
used to Find the stress intensification factors (SIF) beneath a 
wearing half-space8 . Briefly, the method consists o f finding 
the stresses w ithin the wearing material due to the applied 
loads in the absence o f a crack. A crack is inserted, and 
equilibrating forces applied to its faces. These w ill contribute 
to the SIF’s, and at the same time w ill cause extra tractions 
to appear on the free surface. Further cancelling loads are 
applied, and these give rise to an extra pseudo-stress field.
The method is repeated until convergence occurs. It should

In this relation, r  is any relevant stress, but under contact 
load conditions all stresses are. related to the load by the 
usual Hertz relations12:

Tij = Q j p0 \p 0 = C5V<2 (6)
so that equations 5 and 6 also indicate a cubic relation 
between load and life. The results of sliding wear experi­
ments using a variety o f metals and alloys are shown in Fig 5. 
Correlation is not particularly good, but this is perhaps not 
surprising bearing in mind the variety o f coefficients o f 
friction and quantities o f oxide formed.

While comparing existing results, it might be valuable to 
draw an analogy between the IBM Zero Wear Model, and 
the Paris equation: below a certain load (corresponding to 
A K fic ), both relations predict an extremely rapid fall o ff 
in wear. Taking values o f A K /c  from Pook13 one may 
obtain ‘safe’ design curves w ithin which failure is most 
unlikely. Assuming that A K uc ~ 0.8 A K jc the curves 
shown in Fig 6 are obtained. Also plotted is a line showing 
the shakedown lim it14, above which repeated plastic flow 
w ill occur. This is the lim iting factor for small radii.
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Experimental
Perspex was chosen as the material in which to perform 
contact loading experiments for the following reasons:

Being available in clear form, cracks are easily visible

Because o f its low stiffness, large contact lengths are 
attainable with moderate contact loads

Above 25 °C the material shows a distinct yield point, 
and w ith large confining pressures, considerable 
ductility. Below -  40 °C it is totally brittle. Thus two 
material behaviours can easily be compared

It is optically active

It is amorphous, and so crystallographic effects are 
absent

120 ° segments o f a 152 mm (6 in) diameter disc were cut 
from 9.5 mm (% in) thick sheet, and were loaded against 
one another in an Instron test machine. Since the contact 
radii were equal, there should be negligible fretting, although 
a tiny amount was observed at the limits of the contact 
patch, and this was attributed to an anelastic effect. A 
polariscope was jet up across the specimen, and an insulated 
box w ith viewing ports fitted around the specimens for low 
temperature work. To ‘seed’ cracks small holes (0.5 mm 
diameter) were drilled at various key points w ithin the 
segments. I t  should be noted that, although the elastic 
contact stresses o f rolling are correctly represented by this 
experiment, the residual ‘shakedown’ stresses associated 
with plastic behaviour w ill differ considerably.

It was anticipated that, within the ‘locking’ region, a crack 
would initiate along a 45 ° plane, where the shear stresses 
are largest, but would be unable to grow. This is not what

a  K
N i/F e

dM (b)4

Cu/Fe
Bearing
steel3

x Brass/Fe

A l/Fe

2 3 4

m

Fig 5 Wear rate sensitivity experiment fo r a selection o f  
materials. The lines shown indicate a 1:1 correspondence
(a), and an equivalent correspondence taking the varying 
contact widths in account (b)

happened at room temperature. B y  examining the 
specimen after the test, it was clear from the surface 
rippling that maximum shear had occurred on these planes, 
but the crack grew a short distance horizontally. Careful 
observation during a low-cycle fatigue test showed that the 
crack grew while the load was being removed. Therefore, a 
residual stress was causing the crack to grow,s. The crack
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grew beyond the stress-raising effect o f the hole, but could 
not proceed very far because o f the redistribution of 
residual stresses caused by the crack itself. Had it been 
possible to rotate the segment slightly, the crack should 
have continued to grow indefinitely.

In the very brittle regime, a short vertical crack grew from a 
hole drilled within the locking region, in neither case could 
a crack be grown from a hole drilled outside the locking 
region, where K j j is a maximum. The growth of a lateral 
crack is shown in Fig 7, while Fig 8 compares the strain 
distribution during and after loading o f the specimens.

10

h = o  72
Unsofe

8
L in e a r e las tic  
fra c tu re  m echanics

M = 0  366

4 Safe

2
Shakedown limit

0  160 .08 0 120 0 0 4

v R, m

Fig 6 Design curves predicting the maximum safe loads 
which may be carried by a wheel moving over a fla t 
surface, in this case fo r  titanium. Note that fo r  low loads 

r i t  is continued plastic deformation which is the limiting
v factor. The crack is considered to be fu lly  developed when

c = 0.1 a. R is the roller radius

Fig 7 Growth o f  a lateral crack due to repeated contact 
loading (a) perpendicular to the crack and (b) the star­
shaped rippling o f  the surface which represents the plane 
o f  maximum shear

Conclusion
Analysis o f the stress field beneath a roller indicates that a 
shear type growth should occur. It has not been possible to 
simulate this, but instead a tensile, mode I type extension 
occurred. It is possible that, because o f their visco-elastic 
nature, this type o f behaviour is greatly emphasised in 
plastics, w ith their ability to generate large residual stresses. 
Nevertheless, similar shakedown stresses might be expected 
to occur in real conditions either when a ball is rolled over 
an elasto-plastic half-space, or when two cylinders o f 
differing widths are rolled together. An analysis o f the 
former condition is currently being attempted. The 
important feature is that tensile stresses normal to the 
surface being rolled must be generated; the magnitude o f 
such stresses will indicate whether or no. the mechanism is 
a feasible one. Under elastic-brittle conditions where a 
lower intrinsic toughness might be anticipated the material 
actually showed less tendency to crack. This may be explained 
in terms o f the material’s extended elastic behaviour, which 
prevented its accumulating any residual stress.

With a metal roller, it is often observed that cracks travel 
parallel to the surface for a considerable distance before 
tunring upwards. When a crack is subjected to pure shear 
loading it normally turns rapidly out o f its own plane.
This is not the case under rolling conditions, and there are 
two possible reasons. First, the crack is subjected to shears 
o f (theoretically) equal magnitude but opposite sign each 
time it  passes the load. Under this treatment one might 
expect the crack to weave up and down slightly and have 
an overall straight trajectory. However, owing to the rest 
period with a ‘set-in’ load it is probable that one shear w ill 
have a greater magnitude than the other, so that turning 
should result. Alternatively, the crack may be growing 
predominantly due to the action o f residual stresses, in 
which case it  would be stable growing in its own plane.

Arguments have been presented which show that contact 
fatigue might satisfactorily be represented by a fracture 
mechanics model, though the exact nature by which cracks 
grow is unresolved. Leaving aside questions o f the 
applicability o f lefm in a case where cracks are comparable 
in length to the grains in which they exist, the main 
problem is in deciding whether cracks are propelled by 
shakedown stresses. It is hoped to say something Firmer 
about this when three-dimensional shakedown problems have 
been solved, though they still present formidable problems.

Fig 8 Photoelastic patterns showing (a) the applied and
(b) residual stresses when loading two o f  the segments 
shown in Fig 7. Note the stress-raising effect o f  the holes, 
and the very considerable residual stresses, which propel 
the cracks
It is clear that a considerable tensile residual stress is
present.
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